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A practical method for projecting good angular momentum from non-axial deformed HF intrinsic 
states involving a large number of particles and J shells, is described. The 22Na example shows good 
results for the excitation energies, and E2 and M1 matrix elements. 

The use of mu l t i - she l l  deformed H a r t r e e - F o c k  6 
in t r in s i c  s ta tes  [1] has been recognised  to be a 
powerful method for providing a microscopic  
descr ip t ion  of the bulk p roper t i e s  of nucle i  [2]. 
However, one should also project good angular ~ 5 
momentum from these states in order to corn- > 
pute detailed properties such as energies and 
spins of excited states. This letter describes a )- 
fast, prac t ica l ,  and genera l  project ion method, O 4 
applicable to large bases, and gives results for r~ bJ 
22Na as an example.  A sys temat ic  invest igat ion Z 
of all the stable nuclei with 4 ~< A ~< 40 will be 
reported elsewhere. Z 3 

Let IX) be a normalised intrinisic-state Slater _O 
determinant defined by N (neutron) and Z (proton) b- 
deformed HF orb i ta l s ,  each having good pari ty,  b-- 
Thus IX) may violate axial ,  neu t ron-pro ton ,  and ~ 2 
t i m e - r e v e r s a l  symmet ry .  We do a s sume  how- X 
ever  that tX) has the IV group rotat ional  s y m -  w 
merry  so that it may be expressed  in the p r i n c i -  
pal axis system of the mass quadrupole tensor I 
[3], where any two K's contained in a IX) differ 
by a multiple of 2. Thus we have 

Kmax Jmax 

IX) = ~ ~ IJ(K)K) (1) 0 
K=Kmin,Kmin+2...  J--IKI 

where [J(K)M } is the unnormalised projected 
component of IX} with good J and Jz = M, and 
belonging to the Kth band of IX}- For any two 
l×)'s and any mult ipole  opera tor  of , rank k, 6ku , 
the reduced ma t r ix  e lements  [4] ( J  (K')HO)tIJ(~)} 

* A.E.C.L. Visiting Scientist, Summer 1971. 
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Fig. 1. Low energy spectrum of 22Na. 

a re  given by a sl ight genera l i sa t ion  of the well-  
known Hi l l -Wheeler  in tegra l  of P e i e r l s  and 
Y o c c o z  [5] 
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(J'(K')[[O~IJ(K))= 2J+18~ ~-  ~ UK'--JkJ'g, ~z K' 

3 J *  × fd  aDK,_g,g(a)<x'l~3~,~/~(a)lx> , (2 )  

w h e r e  fl = (a, ~, y) deno te s  the  t h r e e  E u l e r  ang l e s ,  
/~(fl) i s  the ro t a t ion  o p e r a t o r ,  D d (~2) i s  a r o t a -  

MN t ion  m a t r i x ,  
2n 2n +i 

id3 _-J dx, x=cos , 
0 0 -1 

and C deno t e s  a C l e h s c h - G o r d a n  coe f f i c i en t .  In 
p a r t i c u l a r ,  the  o v e r l a p  and n o r m a l i s a t i o n  c o -  
e f f i c i e n t s  of the  p r o j e c t e d  s t a t e s  a r e  ob ta ined  
f r o m  eq. (2) by us ing  the unit o p e r a t o r  6oo  = 1. 
Now the  a and ), i n t e g r a t i o n s  can not be  p e r f o r m e d  
a n a l y t i c a l l y  b e c a u s e  of the  n o n - a x i a l i t y  of ] X); in 
f ac t ,  one needs  an o p t i m a l  me thod  to c o m p u t e  the  
f d3f~ i n t e g r a l s  s i nce  the  i n t e g r a n d s  a r e  t i m e  
c o n s u m i n g  to e v a l u a t e ,  e s p e c i a l l y  when 6)tgt i s  
a t w o - b o d y  o p e r a t o r  such  a s  the H a m i l t o n i a n  
and a l a r g e  b a s i s  i s  used .  One can  show that  
t h i s  may  be  done th rough  the u se  of G a u s s i a n  
q u a d r a t u r e  f o r m u l a e .  Thus  the/3  i n t e g r a t i o n  is 
r e p l a c e d  by the f a m i l i a r  f o r m u l a  

f f ( x )dx=  f(xi)w i , (3) 
-1 i =1 

w h e r e  N/3 is  the n u m b e r  of d i f f e r e n t  d s t a t e s  c o n -  
t a i n e d  in IX)and IX'), f(x) i s  the  i n t e g r a n d  in 
eq. (2), a n d x i  a n d w i  a r e  the  nodes  and we igh t s  
of the N - p o i n t  G a u s s i a n  q u a d r a t u r e s .  The  y i n -  
t e g r a t i o n  is r e p l a c e d  by a not  so we l t -known  
iden t i ty  

rn-1 ~rr 
1 2. I ~ f(in--) , (4) 

J f ( ¥ ) d y  =~- r=O 
0 

2m = K m a  x - K m i n  + 2 , 

which  can  be  shown to hold exac t ly  fo r  a l l  the  
i n t e g r a n d s  in eq. (2). A s i m i l a r  equa t ion  holds  
f o r  the  a i n t e g r a l .  T h e  above  r e s u l t s  only m a k e  
u s e o f  the AK = 2 ru l e  and a r e  thus  va l id  for  
both even  and odd nuc le i .  The  r e q u i r e d  n u m b e r  
of  independen t  v a l u e s  of the  i n t e g r a n d  can  be  
r e d u c e d  by the j ud i c ious  u s e  of s y m m e t r i e s .  F o r  
e x a m p l e ,  if IX') = IX), then f r o m  ( O ~ t )  + = 
= ( - 1 ) k % t + c  6X-~t i n s t ead  of mZNfl only ½re(m+ 1)Nfi 
e v a l u a t i o n s  of the i n t e g r a n d  need  be made .  F o r  
e v e n - e v e n  nue le i  with IV g roup  i n v a r i a n t  g round  
s t a t e  c o n f i g u r a t i o n s ,  one r e d u c e s  th i s  l a s t  n u m -  
b e r  by n e a r l y  an add i t iona l  f a c t o r  of four .  
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Al though t h e r e  a r e  s e v e r a l  ways  [1,6] of c a l -  
cu l a t ing  the m a t r i x  e l e m e n t s ( × '  ]6~4z/~(~) [ ×) o c -  
c u r r i n g  in eq. (2), we have  found the  c r o s s -  
dens i ty  m a t r i x  m e t h o d  of L0wdin [7] to be the  
m o s t  su i t ab le  one fo r  our  pu rpose .  S ince  the 
d e t a i l s  of the me thod  can be found in re f .  [7], 
we only r e m a r k  h e r e  that  an a l g o r i t h m  can be 
found such  that  the me thod  may  s t i l l  be  u s e d  
even  when IX) and IX') a r e  o r t hogona l  by one o r  
two p a r t i c l e - h o l e  p a i r s  [8], a s  is  the c a s e  in 
/3-decay t r a n s i t i o n s .  

We now turn  to ou r  22Na e x a m p l e .  We use  a 
f ive  m a j o r  she l l  b a s i s  [2] with ~w = 13.5 MeV, 
the S a u n i e r - P e a r s o n  No.2 N - N  i n t e r a c t i o n  [9], 
the  two-body  C o u l o m b  i n t e r a c t i o n ,  and the k i n e -  
t ic  e n e r g y  with r e s p e c t  to the c e n t e r - o f = m a s s .  
All  t w e n t y - t w o  s i n g l e - n u c l e o n  o r b i t s  a r e  d i f f e r en t  
f r o m  each  o ther .  T h e  HF  i n t r i n s i c  s t a t e  is ob-  
t a ined  i t e r a t i v e l y  and t h e  p r o j e c t e d  e n e r g y  is  
computed .  The  me thod  of v a r i a t i o n  a f t e r  p r o j e c -  
t ion is  a l s o  used  to p e r t u r b  th is  i n t r i n s i c  s t a t e  
unt i l  the  l owes t  p r o j e c t e d  e n e r g y  is  ob ta ined ;  
f u r t h e r  d e t a i l s  of th i s  p r o c e d u r e  wil l  be  g iven  
e l s e w h e r e .  As a r e s u l t ,  it e m e r g e s  that  the  
l o w - l y i n g  p o s i t i v e  p a r i t y  s t a t e s  can be r e p r e s e n t e d  
a d e q u a t e l y  by one n o n - a x i a l  s t a t e  con ta in ing  
c o m p o n e n t s  with* K = 5 ,3 ,  1, -1 and one ax ia l  
K = 0 (I Xo)) s t a te .  The  n o n - a x i a l  s t a t e  is  m o s t l y  
K = 3 and wil l  be c a l l e d  l×3 ). T h i s  s t a t e  y i e ld s  
the  l owes t  3 + s t a t e  a t e  b = 159.93 MeV, which  is  
i den t i f i ed  with the  e x p e r i m e n t a l  3 + g round  s t a t e  
at E b , e x p  = 174.15 MeV. Fig .  1 shows  a c o m p a -  
r i s o n  be tween  the c a l c u l a t e d  and e x p e r i m e n t a l  
p o s i t i v e  p a r i t y  exc i t a t i on  s p e c t r a  [10,11]. The  
t h e o r e t i c a l  exc i t a t i on  e n e r g i e s  a r e  a l l  t aken  
r e l a t i v e  to E b and the s p e c t r u m  is  s e p a r a t e d  into 
four  bands  fo r  c o n v e n i e n c e  only,  s i n c e  the K and 
T v a l u e s  shown a r e  only a p p r o x i m a t e  due to the 
nonax ia l i ty  [12] and the C o u l o m b  f o r c e  [2]. The  
K = 3, and K = 1 bands  a r e  p r o j e c t e d  f r o m  1×3 ) 
whi le  the o t h e r  two c o m e  f r o m  I Xo). W h e r e a s  the 
K = 3 ban.d s p e c t r u m  shows  a m a r k e d  d i la t ion ,  
the  s p a c i n g s  of the o t h e r  bands  a r e  good,  with 
the  p o s s i b l e  excep t ion  of the m i s s i n g  C o r i o l i s  
• . + + 

m v e r m o n  of the  22 , 33 l e v e l s  in the  K = 1, T = 0 
band. Al though C o r i o l i s  decoup l ing  is  a u t o m a t i -  
ca l ly  inc luded  in the p r o j e c t i o n  me thod  i t s  
s t r e n g t h  is  be ing  u n d e r e s t i m a t e d  he re .  The  h i g h e r  
e x c i t a t i o n  e n e r g y  of the K = 0, T = 0 band head  
c o m p a r e d  to the K = 0, T = 1 one is  i n t e r e s t i n g  
and m a y  ind ica te  a p o s s i b l e  de fec t  in the r e l a -  
t i v e  s t r e n g t h s  of the T = 0 to T = 1 c o m p o n e n t s  

* The number of K 's  in a given × can be determined by 
studying the reduced matrix elements of the ze ro-  
body identity operator.  
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Branching 
ratio (~) 

Ji--Jf expa  thb  

+ ÷ 
414 31 i00 I00 

+ + 

514 41 5 13 
+ 

4 31 95 87 
+ + 

614 51 35+10 37 
+ 

41 65 + I0 63 

+ + I00 100 014 11 
+ ÷ 

21~ 11 100 100 
+ 

401 0 0 
+ + 

324 21 0 0.4 
+ 

--~ 11 100 99.6 

+ + 100 100 42--~ 32 
+ 

21 0 0 
+ + 

524 42 40 46 
+ 

32 60 54 

Table 1 
Elec t romagnet ic  decay p roper t i e s  of low lying s ta tes  in 22Na 

B(E2)(e 2 fm 4) B (Ml)(~o2) mixing ratio 

exp 

98 + 8 111 

78 + 42 103 

25 ± 9 27.1 

135 ± 61 82.4 

57 ± 21 48.1 

0.0017 

64.7 

0.0035 

th exp th exp th b 

5.4 ~-1.2x10-4 4 .07x10 -3 -3 .19 ±0.26 -1 .23  

5 .5±3 .0x10  -4 5.99x10 -3 --*-2.00+0.15 -0 .70  

90 + 18 82.9 

0.010 

92.0 

0.010 

97.1 

l i fe t ime 

6.62x10 -3 -2.03 

exp th b 

13.6 + t.Ops 7.87ps 

80 +27ps 32.2 ps 

4.3 + 1.4ps 3.62ps 

52 60.2 fs x l 7 f s  

7.91 17.7 ps 

3.12 - 2 . 7 x 1 0  -4 
7.1 fs 

3.33 - 1.5× 10 -4 

3.36 - 9 . 5 × 1 0  -4 

3.37 - 8.9 × 10 -4 

1.74 + 0.34ps 1.82ps 

1.9 fs 

30.0 fs 

a) Exper imenta l  data a re  f rom ref.  [10], and r e f e r ences  quoted therein .  Weighted means a re  taken if s eve ra l  pieces 
of recen t  data a re  avai lable  for one t rans i t ion .  

b) Empi r ica l  energ ies  [10,1 1] a re  used to compute branching  ra t ios ,  mixing ra t ios  and l i fet imes.  

of t h e  N - N  i n t e r a c t i o n  u s e d  h e r e  [9]. S i n c e  t h i s  
e f f e c t  i s  a s m a l l  f r a c t i o n  of t he  t o t a l b i n d i n g  
e n e r g y  it  m a y  be  t h a t  a m i n o r  c h a n g e  in the  
f o r c e  p a r a m e t e r s  c o u l d  p r o d u c e  t he  r e q u i r e d  
s h i f t  w i t h o u t  a p p r e c i a b l y  c h a n g i n g  t he  w a v e -  
f u n c t i o n s .  

F i n a l l y  we show,  in  t a b l e  1, s o m e  E2 and  M1 
d e c a y  p a r a m e t e r s .  T h e  E0 ( i s o m e t r i c  s h i f t s )  
M3 and  E4 m a t r i x  e l e m e n t s  h a v e  a l s o  b e e n  c o m -  
p u t e d  but  wi l l  b e  d i s c u s s e d  e l s e w h e r e .  T h e  a g r e e -  
m e n t  wi th  e x p e r i m e n t  i s  g e n e r a l l y  good  e x c e p t  
f o r  a f a c t o r  of 10 e r r o r  in  t he  A T  = 0, M1 
t r a n s i t i o n s  in  the  K = 3 band .  T h e s e  a r e  c o m -  
p u t e d  to b e  h i n d e r e d  by  t h r e e  o r d e r s  of m a g n i -  
t u d e  i n s t e a d  of the  m e a s u r e d  four  o r d e r s  of 
m a g n i t u d e .  T h i s  i s  r e s p o n s i b l e  f o r  t he  c a l c u l a t e d  

+ + + _...~ + 
r a t e s  of the  t r a n s i t i o n s  4 4 3  and  5 4 b e -  1 1 1 1 
ing  two o r  t h r e e  t i m e s  f a s t e r  t h a n  the  o b s e r v e d  

+ a n d  + r a t e s .  T h e  m a g n e t i c  m o m e n t s  of the  31 11 

(0 583 MeV)  s t a t e s  w e r e  c o m p u t e d  to b e  1.805 
a n d  0.526 n m ,  w h e r e a s  e x p e r i m e n t  [10] y i e l d s  
1.746 ± 0.01 and  0 .54 ± 0.01 r e s p e c t i v e l y .  F o r  
c o m p a r i s o n ,  t he  v a l u e s  1.578 a n d  0.721 n m  w e r e  + 
c a l c u l a t e d  f o r  the  m a g n e t i c  m o m e n t s  of t he  32 
a n d  1~, r e s p e c t i v e l y .  T h e  c a l c u l a t e d  e l e c t r i c  
q u a d r u p o l e  m o m e n t  of t he  31 s t a t e  was  + 22.81 e 
fm 2 a n d  t h a t  of t he  1~ was  - 1 1 . 0 8  e fm 2. T o  
s u m m a r i s e  we s e e  t h a t  t he  p r e s e n t  m e t h o d  a p -  
p e a r s  to a c c o u n t  f o r  b o t h  bu lk  [2] a n d  d e t a i l e d  
n u c l e a r  p r o p e r t i e s  w i thou t  u s i n g  any  a d j u s t a b l e  
p a r a m e t e r s  o t h e r  t h a n  t h o s e  u s e d  in the  b a s i c  
n u c l e o n - n u c l e o n  t w o - b o d y  e f f e c t i v e  i n t e r a c -  
t i o n  [9]. 

We t h a n k  D r s .  J . M .  B l a i r ,  I. S. T o w n e r  and  
M. H a r v e y  fo r  he lp fu l  d i s c u s s i o n s  and  P r o f .  E. 
T o m u s i a k  f o r  an  i n t e r e s t i n g  c o r r e s p o n d e n c e  
c o n c e r n i n g  the  K - p r o j e c t i o n  m e t h o d .  
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