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In this paper we calculate the leading contributions to the polarized photon structure functions 
using general Altarelli-Parisi equations. We also discuss the possible experimental test for asym- 
metry in the two-photon production of hadrons via the process e÷+ e -~ e÷+ e + x. 

1. Introduction 

D u r i n g  the  last  few years ,  d iscuss ion a b o u t  the  p h o t o n  s t ruc ture  func t ions  has 

caused  a g rea t  dea l  of in te res t  [1]. The  r eason  is pa r t ly  theore t i ca l ,  bu t  mos t ly  

expe r imen ta l .  T h e  p h o t o n  s t ruc ture  func t ions  are  access ible  e x p e r i m e n t a l l y  in the  

p rocess  e ÷ + e -  -~ e + + e -  + hadrons .  M o r e o v e r ,  they  can be  ca lcu la ted  d i rec t ly  f rom 

Q C D .  

The  u n p o l a r i z e d  p h o t o n  s t ruc ture  func t ions  are  s tud ied  by  D e w i t t  et  al. [2] using 

gene ra l  A l t a r e l l i - P a r i s i  equa t ions .  

In  this p a p e r  we d isp lay  resul ts  for  the  p o l a r i z e d  p h o t o n  s t ruc ture  funct ions  in 

the t h ree - ,  four- ,  and  f ive-f lavour  cases  and  p o i n t  ou t  the  poss ib i l i ty  of e x p e r i m e n t a l  

test  in the  t w o - p h o t o n  p r o d u c t i o n  of h a d r o n s  via po l a r i zed  e l ec t ron  b e a m  coll is ion.  

2. The polarized photon structure functions 

A s  the  ene rgy  of e÷e - s to rage  r ings is increased ,  t w o - p h o t o n  p r o d u c t i o n  of 

h a d r o n s  via the  p rocess  e+e - ->  e + e - x  has  caused  much  in teres t .  The  ma in  r ea son  

is that the t w o - p h o t o n  p rocess  cross sec t ion  rises logar i thmica l ly ,  while  the  one -  

p h o t o n  ann ih i l a t ion  cross sec t ion  faUs as 1 / S  (S is the  squa re  of the  to ta l  c.m. 

1 Permanent address: Institute of High Energy Physics, Academia Sinica, China. 
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Fig. 1. Feynman diagram for the space-like e++e +e++e +x process. One of the virtual photons is 
nearly on-mass-shell. 

energy of the e+e - system). Therefore ,  even though the fo rmer  is a process of 

four th  order  in the fine structure constant  and the latter is of second order  in ~v, 

as S reaches higher values (for example at P E T R A  energy) the cross section of 
the fo rmer  is largely beyond  the latter. 

We know that  the space-like process has a most  impor tant  contr ibut ion to the 

cross section for S sufficiently large and one pho ton  chosen nearly on-mass-shel l  
(see fig. 1). This process includes the (virtual) y l * + y * ~ x  transit ion and the 

1 ~ 1' + yl*, 2 ~ 2' + y*  vertices. The  differential cross section can be written as 

4 1 d3k~ dk23, 
do" = e (1) (2) rTrp~'v~ (1) 

4 4 ' Y p ' r T v t x  tff" p q 16E'lE'2(kl" k2) (27r) 6 ' 

where  [5] 

f iqx .l.t .P O "r* W °~"" = 2P0 d4x e (%'llq (X)lq(O)lyx)ex(p)ex, (p) 

= ~(W++,++ + W+ ,+ )RO'R ''~ +½(W++,++- W+_,+_)(R°~R T M  - R ~ ' R  °") 

+ Iw++, (R°'R TM + RO'~R "v -R" 'Rv ' )+  W+o,+oR °,Q2Q2" '~ 

=4 7r { WIRO,R~" + ((p\ ~ .  q)2 W2- W1) RO,Q~ Q[ 

-R° 'R~")+ W4(RO~R T M  -R'VR"")}  . (2) + ½W3(RO~'R TM 

W~'b'.,b is called the helicity ampli tude:  

R ~" = - g  +~-{q  • p(p"q" +q"p~)-qZp"p~}, 

X = (p • q)2,  (3) 

Q2 = p - q  q /" 
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If we consider the deep inelastic scattering process of polarized electrons on 
polarized photons, taking the Bjorken limit QZ= _q2__> ~ ,  v =p • q--> oo with x = 
Q2/2u fixed and by using the naive parton model we have 

2f 
W l = y ,  1 2 ~ ,  ~eiq tx, t),  

i=1 

2f 
vW2 = Y~ e2ixqi(x, t),  

i= l  

W 3 = 0  
(4) 

2f 
- -  z~.., W 4 =  l ~ q  2 i i e i [q+(x , t ) -q  (x,t)], 

i=1 

q (x, t )=  where ei is the charge of ith quark in units of the electron charge, i 
i q+(x , t )+qi (x ,  t), i qr,(X, t) is the density of ith quark with helicity ri in a photon of 

positive polarization, f is the number of the quark flavours. If we take the average 
over the target photon polarization, the W4 term is cancelled. So we know that 
W4 is a structure function connected directly with the target photon polarization. 
The W3 term is relevant to the interference of two transverse polarizations of the 
target photon. W3 would be zero in the naive parton model. 

3. The leading behaviour of the photon structure functions at large Q2 
Dewitt et al. [2] discussed the leading contributions to the unpolarization structure 

functions of a real or slightly virtual photon using a generalization of the Altarelli- 
Parisi equations [3] for QCD scale breaking. We discovered that the colour factor 
"3" ,  which is neglected by them, is important because it appears in the anomalous 
term that is found to be dominant for the leading behaviour of the photon structure 
functions. 

Recently Berger et al. [4] presented results on deep inelastic electron-photon 
scattering at momentum transfers 1 < 0 2 <  15 GeV, using data taken at PETRA.  
The results are expressed in terms of the photon structure function F2 and are 
compared with QCD predictions. The data are clearly consistent with the QCD 
prediction (of course the colour factor can't be neglected) in leading order. 

Thus it can be seen that the discussion of the polarized photon structure function 
is very interesting. It can give us more information about photon structure. 

Omitting the higher order in the electromagnetic interactions, then we have the 
following Altarelli-Parisi type equations 

~Aqd i (x, t) =3ei ~--~Apqv(A)+a~--t) otv __~[Aqi(y,t)Apqq(y)+X AG(y,t)ApqG(y)]X 

(5) 

~--l~)fx ldy[2i~=lAq'(y'7 J'= / ' ) A P G q ( y )  q'- A G ( y '  (Y- ) ]  d AG(x, t) = 0 + ' t)APoc x 
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Fig. 2. The quark-gluon vertex which deter- 
mines APGq and apqq. 

Fig. 3. The annihilation vertex of a gluon into a 
quark-antiquark pair which determines ApqG. 

where 3e ~ (av/27r)AP, v (x) is an anomalous term and this is a point-like contribution 
arising from the fact that photons can create " f ree"  qq pairs. The factor 3 comes 
from the colour, dPqv(x)=Pq+v+(x)-Pq_v+(x). Here  we fixed the photon with 
positive helicity. These terms in eqs. (5) come from figs. 2, 3, 4, and 5 respectively. 
As we omit the higher order in the electromagnetic interactions, the contribution 
of fig. 6 can be neglected. 

Simply we have the relation 

Apqv (x) = 2APqG(X), (6) 

while [3] 

Aqi=q~-qi_, AG=G+-G_, 

APAB = PA+B+ -- PA_B+ , 

4 [  l + z  2 3 
A p q q ( Z )  = ~ [(1 _--~+ + ~(Z -- 1)], 

4 1 - O - z )  2 (7) 
APGq(Z ) = 3 z ' 

~[z - ( I - z ) 2 ] ,  ZIPqG(Z) = 1 2 

APGG(Z)=3[(X+z4)(I+ ( I ~ + )  (1 - -Z)3+(~- - l f )8 ( z - - l ) ]  

The solution of eqs. (5) in the asymptotic limit is 

Aq (x, t)=~-~a (x)t 1 + 0  , 

AG(x, t)=~-~b(x)t[ l +O(1)] . 
(8) 

II 

/ 

Fig. 4. The annihilation vertex of a photon into Fig. 5. The three-gluon vertex to determine 
a quark-antiquark pair which determines Apqv. APGG. 
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Fig.  6. T h e  q u a r k  e l e c t r o m a g n e t i c  ve r t ex .  
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Substituting into eqs. (5), we find the integral equations 

1 
i X ai(x ) = 3eEApqv(X) +1_1_ 

(9) 

b ( x ) = 0 + ~ - ~  y ApGq j=lY" aJ(y)+APGc b(y) . 

Notice that the running coupling constant as(t)=as(O)/(l+as(O)bt)~ool/bt, 
where b = (11-2f)/41r,  t = In (Q2/A2). 

These equations are t-independent. For simplifying the calculation and consider- 
ing that quarks (or antiquarks) with equal squared electric charges have equal a i(x) 
from eqs. (5), we may define 

a NS(x) = l(a U(x) -- ad(x)), 
(lO) 

1 Lr 

aSIx ) = ~ ,~1 ai (x ) " 

The eqs. (5) become 

aNS(x)=lApqv(X)+2~ fxa dY Apqq(XlaNS(y), 
Y \y/ 

aS(x)= DfApqv(X)+2~ Ix' d~yy [APqq(y) as(y)+ APqa(y)b(y)] , (11) 

+1_1_  1 
b ( x ) = 0  27rb Ix ~[2fAPGq(y) aS(y)+APGc(y)b(Y)] ' 

• ~ 2 f  2 11 where D t = (3/2f) ~-i=1 ~i - ~,  5, 2 for f = 5, 4, 3 respectively. 
For the different f we have the following relations: 

f =  5: aU(x) = a S ( x ) + 6 a ~ S ( x ) ,  

ad(x) = aS(x)--4aYS(x) ; 

f = 4 :  aU(x)=aS(x)+aYS(x), 
(12) 

ad(x) = aS(x )-- aNS(x ) ; 
f = 3: a~(x) = aS(x) +haNS(x), 

ad(x ) = aS(x ) - ~aNS(x ) . 
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Solving eqs. (11) numerically and using eqs. (12), we may get the leading terms 
aU(x), aa(x), b(x) of Aq~(x, t) and AG(x, t). The results are shown in figs. 7, 8 and 
9 respectively. We have also 

W4=-½ ~=le~Acli(x,t)=-~-~A(x)t[l+O(1)]. (13) 

10 "1 

t0 -2 

I t "- I { ..... 

I . . . . . . . . . . . . . . .  I I 
0 012 014 0,6 0,~) 

~c 

Fig. 9~ The gluon function b(x), see eqs. (11) and (12). 

1.0 
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Fig. 10. The leading term A(x) of the polarized photon structure function W4, see eqs. (13) and (14). 

Its l ead ing  te rms  (see fig. 10) are  

2f [~aS(x) +8aNS(x)  , f -- 5 ,  

A ( x ) =  ~ e ~ a i ( x ) = ~ a S ( x ) + 4 a N S ( x ) ,  f = 4 ,  
4 S 8 N S  i=1 [~a ( x ) + ~ a  ( x ) ,  / = 3 .  

(14) 

W e  may  also t ake  the  m o m e n t  of each  side of eqs. (11). T h e  m o m e n t  equa t ions  

o b t a i n e d  may  be  so lved  a lgebra ica l ly :  

1 q q  N S  NS _ !Aoqv + _--~=AP,, a 
a n - -  2 / 'd tK n 

2~ 'b  

s a .  = D r A P  qv + (dpqqa s + ApqGb.)  , (15) 

b.  = 2 ~ ( 2 f A P ? q a S  + AP?Gb. )  , 



H.C. Lee et al. / Polarized photon structure function 309 

where 
1 

NS IO "-laNS(x) an = x d x ,  

1 

aS = Io x" -aaS(x )  dx  r~ 

1 

b.  = Io x " - l b ( x )  d x ,  

Io n - 1 A P  qy = 2 A P  ]~ = 2 d z z  n-IApqG(Z) n (n + 1) '  

Io' 4[ 1 APqq = dzzn-XApqq(Z)  = - 2  -~ n(n  + 1) 

1 
AP"°q I0 n 1 4 n + 2  = d z z  APGq(Z) -- 3 n(n + 1 ) '  

IO 1 [ l l _ _ f q  2 4 A p ~ o  . -1  
= dz z  A P o o ( z ) = 3 1 _ 6  9 n n + l  

i=213 

2 ~  . 
i = l  

The solutions are 

) a,, = ~AP,, 1 - -  A P  qq  , 

a .  1 - A P  G + Apqq) 

1 qq c c  2 fApqGAp~q)]  a e .  - 

b n = f  A P G n q a S / ( 1 - 2 - ~ A P O n G  ) . 

The moment  of W4 is 

( W 4 ) n  = ~---~A,t[ 1 + o(tl--) ] , 

2f 
An ~ e i  = e i a n  • 

i = 1  

(16) 

(17) 

(18) 

4.  A p o s s i b l e  e x p e r i m e n t a l  tes t  

In order to distinguish this process from background, we must therefore detect 
at least one of the scattered electrons and at the same time detect some of the 



310 H.C. Lee et al. / Polarized photon structure function 

produced  hadrons.  If we take the initial electrons at very small angles and define 

p "q q "p l - y 1  l - y 2  
= k l . q  = - -  8 1  1 2 ~ E 2  1 2 Yl , Y2 k 2 " p '  1 - y l + ~ y l  1 - y z + ~ y 2  

omit t ing the electron mass, the differential cross section has the fo rm 

t ,,131. t (4~a)  2 s c d3kl u ~2 
do -=  2 2 , , (19) 

p q 32kak2E1E2 (2"It) 6 ' 
where  

1 2 1 2 ( u W 2 _ w 1 ) + e a e 2 c o s 2 g g W 3 }  ~ = - ~ 2 ( 1 - y 1 + 2 y 1 ) ( 1 - y z + 2 Y 2 ) { Z W l + Z e 2 \  2x 
YlYZ 

7/" 
+32AIA2 ( 4 - 2 y l - 2 y 2 + y x y 2 ) W 4  • (20) 

ylY2 

~b is the azimuthal  angle be tween the scattering electrons in the colliding electron 's  

c.m.s, ai = ( - 1 )  ~+r~, r i is the helicity of t h e / t h  electron, ky = IkJl. Obviously  the W4 
term is relevant to the polar ized electron beams collision. W h e n  we integrate the 

azimuthal  angle, the W3 term disappears.  

Define the asymmetry  

A=W4 
WI" (21) 

I 

Io 
+=5 

5 

0 i i I I 

0 .2  0.4. 0 .6  0 . 8  1.0 

Fig. 11. The leading term of the photon structure function W1. 
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Fig. 12. The asymmetry. See eq. (22). 

When Q2 is large enough. We have 

A =  A ( x )  
H ( x )  ' (22) 

where H ( x )  is the leading term of the photon structure function W 1  z 

(av /4cr )H(x ) t [1  +O(1 / t ) ] .  Its behaviour  is shown in fig. 11. /~  is a quantity which 
can be tested by experiment  (see fig. 12). 

The strange behaviours of the W4 leading term (from positive to negative as x 
increases) and the Bjorken scales, apart  f rom an overall logarithmic factor for the 
photon structure functions, are different f rom the proton structure functions. The 
proton structure functions contract to x -- 0 at Q2_~ oe. The strange behaviour  is 
entirely due to the effect of the anomalous component ,  because we know that as 

-Q2 is large enough the contribution of the anomalous component  dominates.  

One of the authors (Y.H.) would like to thank Professor P. Budinich and Professor 
R. Iengo for hospitality at the International  School for Advanced Studies, Trieste 
where this work was completed.  
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