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Abstract

Nuclear #lectromagnetic charge and current densitics
and related topics are discussed. Formulas expressing the multipole-
decomposed density distributions in terms of the transition density
matrix, geometrical factors and single-part: le radial wavefuncrions
are given in detail. Thes: formulas ar.- used for coding o program,
MICR@PDENS, written in Fortran-iV, (o compute the densities. MICRPDENS
also computes the form factors, or the Bessel transforms of the densi-
ties. Instructions for the use of the program are provided. Three
appendices discuss the dens:!ies in connection with several physical
processes (gamma-emissicr, elec-:ron scattering and photo nucleon-
emission), present the form.las for the computation of the transitiorn
density matrix in the most commonly used nuuicar models, and give a

.

completce i:sting of MICR@DENS.
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Densités de- charaes nuycléaires, des courarts de convert nr

et des courants d2 magnéticatior

R€sumé

L'auteur de ce rapnort fait des commentaires au
sujet des densités de courant et ce charge électromagnétique
nucléaire ainsi qu'au sujet de questions connexes. I1 décrit
en détail les formuies exprimant la rérartition des densités
a décomposition multipolaire, en fonction de la matrice des
densités de transition, de facteurs géométriques et de fonc-
tions ondulatoires radiaies 2 particule unigue. Ces furmules
sont employées pour le codage d'un programme, MICREDENS. dorit
en FORTRAN-IV et destiné 3 calculer les densités. Par aitileurs.
le programme MICRPDENS permet de caiculer les facteurs de
forme ou les fonctions de Bessel pecur les densités. Des ins-
tructions sont données pour 1'emnloi du programme. La ore-
mitre annexe concerne les densités par rapport a plusieurs
procédés physiques (émission gamma, diffusion des électrons et
émission photo-nucléon), Ta seconde donne des formules pour
calculer 1a matrice des densités de transition dans les modeles
nucléaires les plus couramment utilisés et la troisieme est
la liste complete des programmes MICR@DENS.
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INTRODUCTION

The electromagnetic interaction is cne of

s

the best tools that can be used to probe the stru-ture
of the nucieus. The reasons tor this are manifnld.
Firstly, 1t is the best understcod interacticn amons

those (strong, electromagnetic and weak) that are used

to investigate nuclear structure. £
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an operatcr, the leading and in many cases tns only
important portion of the Interaction is a cone-body operetor.
From a practical point of view the advanrcement of ewperimental

technologies in the areas of y-ray detectors, electror acael-

eratare and photon beam generators in the lzct o demador
or =0 has produced a great wealth of data from which much

nformation in nuclear structure can be extracted.

b

Tne nucleus interacts with the electro-
magnetic field via its charge and current. From a study
of the charge and current densities one can infer certain
aspects of wnuclear structure. In practice often the
charge and current densities are computed 1in a particular
model with specific assumptions. These densities are
then used in (electromagnetic) reaction calculations and
the results are compared with experimental data. Such a
comparison may then lead to the rejection, acceptance or
modification of the model used, or some of the assumptions
made, or both. This report is meinly concerned with the cal-

culation of nuclear charge and current densities.



Suppose that, under the influence of the
el2ctromagnetic interaction, the nucleus goes through a
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where 0, are the Pauli matrices and we have sup-

pressed the superscripts i~f. In (1), (3)
and (4), integration over all internal coordinates other

than ;k is implied for the expression in the curly

brackets; B, is the nucleon orbital g-factor (gproton = 1,

L
geutron = 0) and u_ is the magnetic moment of the
free nucleon (uEPOtO” = 2.79, ugeUtPO“ = -1.91) in

nuclear magnetons. JC is the convection current due to
the motion of individual nucleons within the nucleus and

-
J™ is the magnetization current generated by the magnetic

(4)
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moments of the nucleons. 3exch is the current that will

arise from an exchange cr a momentum-dependent nuclear

interaction term or both. Although the exchange cur-
.‘rent has been a subject of interest since the early

days of nuclear physicsl’E) the nuclear interaction

1z not sufficiently well known to enable us to treat

3exch jexch

in a general way. In fact may reguire a
separate treatment for each individual transition, since
it 1s very model dependent. For example a truncation
of the shell model basis may be viewed as being
effected by a strongly momentum-dependent (in fact,
singular) interaction. In this report Fexch will be
completely ignored. HRecently studies of the exchange
current can be found in the literature3_5).

Having decided to consider only the three

N . *C *m .
3§nsit1es p, J and J of which the operative forms
afé well known, we still must decide on a method to
treat the nuclear wavefunctions. Currently in the
literéfure there are many models that are
used to describe the many-body nuclear
wavefunction. Most mocdels have thelr own distinctive
usefulness and together they form a complementary set.
It is therefore easy to conclude that for the purpose
of this feport one should not commit oneself to any one

model but rather adopt a more global approach. A natural
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linkage vetween any many-body wavefunction and a one-bcdy
density function is the one-body transition densivuy
matrix. In this work we chall assume that the density
matrix is known, and begin cur evaluation of the. charge
and current densities from this knowledge.

The plan of this report 1is as follows.
n section 2 we first express the density functions in
terms of single-particle density functions and the one-
bedy density matrix. We then expand p and J in terms
c? scalar and vector spherical multipoles respectively.
This expansion 1s sultable tor finite systems such us=s
the nucleus. The multipole single-particle
density fuﬁctions are expressed in terns of geometric
coefficients and single-particle radial functions and
their derivatives. The hermitian conjugate and the
time-reversal propertles of the density operators are
discussed in two following subsectlons. A knowledge of
these properties may be used to reduce the complexity
of the computation. As well, 1t establishes the realness
of the densities (1f the radial wavefunctions are real) and
enables one to identify a special selection rule, namely that
the electric current densities (both longitudinal and
transverse) in an elastic transition (i.e., ¥ - ¥) vanish.
In the last subsection of section 2 we show how the isoscalar

and isovector components of the densities are calculated.



In section 3 we describe a jickage of computer
programs, MICRODENS, written in FORTRAN-IV for tge Ch-56070
installation at Chalk River Nuclear Laboratories, for the
computation of the nuclear charge and current densities p(rf),
JC(;) and 5“(53. The formulas derived in section ? are used
for the coding. The nuclear form factors, which are essen-
tially the spherical Bessel transforms of the densities, are
also computed in MICR@DENS. Spherical harmonic oscillater
functions (Hermite pclynomials) are used as the radial wave-
functions. The advantages of using these functions are their
wide use in structure calculations, their well-known analy-
tical properties, and the fact that a complete set of such
functions is determined by a single parameter, the ozscilla-
tor frequency. A flow chart of the program, adequate
instructions for the preparation and the assembly of input
cards, and brief descriptions of the functions of all
subroutines are provided.

A knowledge of the nuclear charge and
current densities as isolated entities is academic,
since their properties are manifested only through inter-
acting with external fields. In Appendix A, formulas
relating the densities to the external field in several
physical processes (y-decay, electron scattering and
photo nucleon-emission) are presented. These may be
in the form of transition probabilities or strengths

or scattering amplitudes or cross sections. The (e,e')



scattering amplitude in the distorted-wave Born approxi-
mation is derived in detail. A new formulatinn for the
amplitude, better than those presently available in the
literature, is given. The important concepts of gauge
invariance and charge conservation and the related
Siegert's theorem?’ are also briefly discussed at the
beginning of the Appendix.

In Appendix B we show how the one-body
transition density matrix can be extracted from the
result of structural calculations in the three most
commonly used nuclear models, namely the particle-hole
model and its variants, the shell model, and the angular-
momentum-projected Hartree-Fock model.

A complete listing of the computer code

MICR@PDENS and sample outputs are contained in Appendix C.



CHARGE AND CURRENT .DENSITY DISTRIBUTIONS

2.1 NOTATION AND PHASE CONVENTIONS

We use the Greek alphabet, except X, which
is reserved for the tensor rank, to represent the com-
plete set of quantum numbers defining a single-particle
state; we use the corresponding Roman alphabet for the
same set excluding the magnetic quantum number. Thus

2.im ...) = (a,ma); a = (a,-ma).

a = {1_n_i
‘‘aaava a

The single-particle wavefunction is f£-s coupled

L m
Ty = <m = 1 . P! a, >
by (r) = <rfo> I o<t m 2oIJama i ua(r)YQa(r)x

o
1/2
m,O

2
\ : 3 3 h - a
Here u_(r) 1s the radial wavefunction. The phase 1
a8

assures that |a> will have the desired property under
time-reversal,

Ja™My, —
T‘U.> = (._) !G.>,

when ua(r) is real. xZ is the spin wavefunction.
Let Ox_be a spherical tensorial operator of

6)

rank A; Using the Wigher-Eckart theorem we define

the reduced matrix element,



oo, i = L <I M Au|IMe><r Me [0, 1 M.

f

we also define a partially reduced matrix element, where
cnly the polar coordinates are integrated over

e . . _ 1 - -+
(oo (o s = <Jpl8(r-r 10, (r)]J,>.

o general, 1V J\ is a one-body operator, the reduced
matrix element can be expressed in terms of reduced

matrix elements between single-particle states and the

cre-body transition density matrix, pif,
(eflo, (r)1) = ) ‘a plf (afjo, ()|b)
) At 3 ba,A )N
a,b
where j_ = (2} +l)l/2 etc. and
a a
S <fH[C+®C 1. )i>: ic'ec. 1. = ) (-)jb— <j m_3j,-m_|A sclc
Pba, ) ~ a p AT Sty T Ja®adp™p! M g
ma,mb
.{.

C and C are respectively the single-particle creation
and annihilation operators. We see from (9) that to

compute the transition charge or current density it is
not necessary to know the wavefunctions of [1> and |f>

In their entirety. Only the transition density matrix

is needed.

(7

(8)

(9)

(10)



2.2 MULTIPOLE DECOMPOSITION

From now on it will be understood that the

transition 1s from the state

1> to the state |f>, and
all super- or sub-scripts indicating this fact will be
suppressed. Siunce only certain portions, or multipolec
of the density willl affect a transltion between states
of definite angular momentum, it is convenient

to decompose the density into various

multipoles. We define the multipole charge density oy

and current density o as fcllows:

AR

-+ _ A . U*" -
p(r) = e ] (-1)"<I M du[I M0, (2)Yy (F) (11)
Al

FOMEIe = e I (=D rea Mo | T Mo )T () (12)

: AR e Py A1 :
Afu

where

&> ~ m, -~ ~

Yigl(r) =} <&mlv]ip> Yﬁ(r) £, (13)

mv

~

is the vector spherical harmonic. €7 v=%1,0 are the
spherical unit vectors. The quantities Py piim to be

calculated are now functions of the radial variable only.
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2.3 THE CHARGE DENSITY

Recall that the total charge density

is given as

- -~ -+ k *"
p(r) = e | 8(r-r gy (Yo 7). (1)
K

Muitiplying the right-hand side of (1) and (11) by iAYﬁ(Q) and
integrating over the polar variables and then using (7)
and (:) we get
ik (all 1ty, (2)] o) (1ha)
S Prax I

with

" ,\ ~n i *
(a1 y’\(r)nb) u_ () y (n),

il
'
—
i
~—

et

if 2 4L 42 is even:
a b

0, if otherwise. {14b)

The above equation is general. For the speclal case when the

radial function u(r) is %“aken to be the oscillator function,

u (r) = q-372 (r/d), (15)

R
nala

where an(x) is the (dimensionless) Hermite polynomia17),

d 1s the oscillator length parameter (@72 = %£-= 0.02412 fw

(F—2), and fiw is the oscillator frequency in MeV),



2.4  THE CONVECTION CURRENT DENSITY

. + » . -
We repeat the expression for J© given in (%),

c . eh ¢ sror %
ey = T L 8(r-rgf cw V v, T vo). (2)
k

One must always be especially careful whonever evaluating the
matrix element of an operator involving the derivative.

Consider the integral

~ > 7
s Ry o B b v (16a)
where f(r) is a function of r only and ?iw; F(r)r?
vanishes at r-«. Integrating by parts we get
> * £ 1 ¢ 1-
- | dr Wf “f(r) Y\Q.(r)qi. {16bL)
We left multiply both sides of (3) by lezl‘ irtegrate
over all space, and use (9) and (12} to obtain
j
2 a’a 142
- v ) 7
5;: drf(r)p , (0 TV 1 9, - : Ppan <al it T (£Y Az T fYUl)"b> (in
ab

The RHS does not have the desired form since f is being operated upon.

+ .
We now note that the Hermitian adjoint of 1l 1V fYAQl 1s
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K3 ﬁ_ +
+Q§ . Ysgﬂ); - (_)l+k+u 11+9. §A11 . (18)

Using this and the identity
- t
<a]0}B> = <8]0" o>

where 0 is any operator, we get

1+A+3, =) ]
(=) b

als

0

<aHil+Q3-f§AQlﬂb>

14243, =3 5
b +
(=) a —Ab J‘rzdtf(b“il 3
3

a

-~ *
“Vfa) . (19)

Al

From (17) ard (19), we finally get, independent of f

A+ -3
c R -1 40y b “a, 1+ey y .,
Pl r) = = 5z AT ] ba)‘gL{j @1, D) - () jptelld vla) }. (=0
ab
2a+1+l—£b
From (5) the RHS of (19) has s phase factor i .

1+E

Due to the parity of the operator Y which is (-)

-
VIRE
the non-vanishing matrix elements must have an even

Za+£b+1+2. Therefore the phase factor mentioned above is

real. In other words, (r) is real, if the radial

c
“xz
wavefunctions and Pba are real. We now introduce the
ket Ilama> for the spatial part of the single-particle

wavefunction,
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Glem> =z GBI (r); <Flatm s = v A
rig m > = ¥, 2(r); r| gMy> = Y o (r ua(r). (21)
a a
The spin wavefunctions can now be contracted out6)
£, +1+2-2 J_+0 A=k
148 > _ . b a a’b a = s s s a1 * 2
(afi Y01 v[p) =1 (=) TR W 2 3 300 (e Y, Ve ). 22
Substituting (22) into (20), we finally get
o L +1+8-4 J_ e +A a2 C 91
Dil(r) -5 A 1 Z i b a(—) 2 b %%axL Jalp W(ﬂa‘Lb:'a]b')M‘Z)
Mc
a,b
(23)

= A~ &, >y k
V) - =) zb(zbﬂykzl-vuna)}.

The evaluation of the reduced matrix element in (23) is now

straightforward; we find

IR
+ _ b A 2
(Qa"YA21.v”2b) = (=) T
L. +1
b NN L .
X (l'—zb)z'(o 0 s )W(Ebllal;g'k)ua(r)ng R'—Rb(r)ub(r) (2“)
R'=g, -1 ’
L. +%(1+1)
1/2 .d T b — ] (25)

Dy L (m) = (s a3aNt? (& .

b’..

*. > > * . . ¥
For (lbﬂykﬁl'v“za)’ we interchange #, with &, and u (r)

with u (r), in (24).
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It is not always necessary to compute the

o

eccnd term on the RHS'of (23). We note that §§X1 is
proportional to i Ys; it thercfocre commutes wiﬁh the
gradient operator, 7. Consequently for the current
that affects magnetic transitions, pix(r), the second
term is =23ual to the first term.

Equations (23) and (24) are apprlicable for
any radial wavel.notion. When oscillator functlons an(x)
are enployed, the relations given below are useful.

For 4 > 0, we have

d L+1 , _ 1% %

Gt 7 Rap %) = (Mn#3) R () 4 (n*¥1)F R Loy 0, (26a)
d Lya Y N .3 1N 2941

(Gx - ;)ank}) - (dx X ’RnZ(X) - T x Bnes (265)

When & = 0, we have

d = (.34 _ 3 ,

ax Fno(x) = =(a+3)* R . (x)-n Rn—l,l(x)' (26c)

In (26), n is the number of nodes of the oseillator function

in the range 0 < r < o,

*RHS - right-hand side



2.5 THE MAGNETIZATION CURRENT DENSITY

We repeat equation (4)

My =

"'$+
C_n.
<R
x
~~
B3

N D

S

¥
I 8-y ¥ r %5 Y1) (4
J

and conslder the integral

= X . ¥
I =1 ‘f’dr f(r) YAZI(P) [V x‘(‘{’f o ?1)]
(27>
L j?(i+ * > ¥, Fu
= r
i rY.o ¥ x (F Yy1)-
Using the well-known relations
(Vxf Y* =72 ) (—)k<£m1—klxg><1v1kllq>v (f ) (283
Al' i v 2
mv
and
mo_ 2+1 .k mtv d L,
voE Y, = (§I$§) <m|V]L+1,mbv> To+1 (dr -t
(29)
] mtv /d .Q,+_L
(————J <tm|V]L-1,m+v> Y£_1 &t f

and calling the left-hand side of (28) Dq(r,%;)f, we

rewrite (27) as
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- -+ #*
(-3 f)ﬂr(Wf I_q Pi)Dqkr,%;)f

L o~

It}
1
furn
.
o~

£+1 - \Q > _d 2
(=) ‘/\dx £ Dq(r, dr)r Yo o_q Wi,

upon integration by parts. Equation (27'} has the desired

form, since T is not operated upon. From (27'),

(7)

recoupling techniques, we have

m o, - ! -1 N a ,1+8%
P (1) = - 55z A I IPparbs 17 78

a,b

2
©{{241) W(11R+12510) (S + &%i)(aﬂTA(Yl+l®c)"b)

b X d__ %=1y,
- 1 W(lll-l,l.l})(dr = )(aHTA(Yl_ISO)Hb)}.

TA(Y£®0) is a rank-A tensor product of Y2 and 0:

m - 9 "1 m
lxu<YE@°) = ) <mlgiru>Y,o

L7q°
mg
With (5), we have
(a“TA(YZQU)"b)
. B I M
9. L, — L 1 2_ 2 R a-b
_ oy @a.:b a3 §oaca s on a b *
= (=) i (2“) ).x.]blalb(o 0 o R'a R'b A ua(r)ub(r).
Ek k1

, (9) and {12), and using standard angular momentum

(27')

(30)

(31)
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From (30) and (31), la+1b+2+1 must be even, i.e., the

14048, -0 a
phase factor 1~ Yip=ta is real, and D?k is real, if

U, and Uy and Ppay are real. Since =i, Atl, the two
equaticns above may be further simplified by evaluating

the Racah and 9-J coefficlents. We filnally get

m h
Ph® * ag L ! =)

Q,b-la+l+l )\+jb+lip ] jb (j jb A
baAs lf__
ab

4 0) Al(r)u (r)u (r) (32)

%
gab o _f2a+1 A(A+1) . 1 ]
ab _ 1 _ /
FA,Ail(r) = N (Xa Xb)Dk,tl(r) | \33b)

- Y
with DAA+1(P) given by (25), and Xy (Qa ja’(23a+l)'



2.6 PARITY SELECTION RULES

We recall that for transitions affected by

the electric or Coulomb field, the parity change from

Li-L¢ A
[i> to |f> is "natural" ((-) = (=~)"), and for mag-
L,-L
netis transic ions it 1is "unnatural™ ((-) 171, (ﬁ)l+1

).
These selection rules must be reflected in the transi-

tion densities. In table 1 these rules are summarized.

TABLE 1. PARITY SELECTION RULES

t
density ype L1+Lf+x £a+2b+A 28+2b+2+1
px(r) Coulomb even even —_—
c,m
N 1=A(r) Magnetic odd odd even
N (r) Electric evan even eve
SIS ve ven




2.7 HERMITIAN PROPERTY OF THE DENSITY OFERATORS

When the Hermitian adjoint of a tensor

operator Og is

)T = ()M o7¥,

we shall call OK Hermitian. Conversely, if

(0}) = -(-)*"Ho7H

is true, we call OK anti-Hermitian.
The Eermitian property of an operator

can be explolted to shorten the calculation of its
matrix elements. We defineé a multipole density operator
to be an operaﬁor‘such that 1ts reduced matrix elements
between [Wi> and IWf> give the correct density.
From (1), the charge density operator is

PRI I S W .
oop’m’(r) . Z gy 8(r rj)i YA(I’j)' {(34)
‘ 3

From (3) and (17), the convection current density operator

is
c + s c 148 3 Al AL T el £y}

(r) =- - - 8 (r-r,)Y 1. (35)
Pop, Aps 2 o) 5 i ZgL{G(r Ty pq (F) "V V8 (xmry) a1 (T4

2Mcr .
3
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We cannot immediately write down the magnetization density

operator from (4). However, by partial integration,

we fina
m -+ _L A j _ +u 2. + > -+ . _ +u - 16
Pop aw, 2 F) = g b ) u {8 (r-r )Y (25 (vjxaj)+(cjx3j) §(r rj)vul(rj)} (36)

3
Recalling that

+u - - m
i X I <amlg|ap> YO Ay
m,q

and

N

o« (ExB) =

| m
el ) <imlq|ip><1rls|lg>Y, A_Bg,

mrs

(s

+ - -
?) - (_)1 milY m,

where A and B are any rank-l tensors, and (ilY g 3
it 1s easily

.f.
(Vq)

shown that

-yi-q t - ()9
(=) Vq and (oq) (=) O_gs

+ Aty
= - a
(bopan) = M o i, (37a)
and
c,m t _ _(_yAtH _c,m b

That 1is, the charge density operator is Hermitian and the
current density operators are anti-Hermitian. Note that
in (35) as well as in (36), either one of the two terms

on the RHS by itself does not have definite Hermliticity.
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Now consider a tensor Og which has definite

Hermiticity, (Ol;‘)'f = (—)p+“o;“; we find

<amlo¥amrs = <grmrfcoyToms
A A

- - *
(-)P7Hegmr jol¥ | g

leading to

(_)p+J-J'

<glo,l3> = 3'<J'HOAHJ>*

In the previous sections, we have shown that, when pbaA

and the radial functions are realf, reduced single-

c,m
OPs AU GD AU R

all real. In this case, from (37,38) we can make the

particle matrix elements of p and p are

replacement on the LHS of (15), for the charge density
+3. -
A Ip Ja

1
L oepa,n > Lomre Ppa,nts) Pab,a 13 for py(r).
ab azb

Similarly, for the current densities, on the LHS of (23)

and (32),
At). ~j
I S (= b “a . c,m,
) Pba,x I 153 o Copa,a= (=) Pap a3 for o) (r)-
a,b azb

+ In the rest of this section, we shall assume this to be the case,

' unless otherwise stated.

(38)

(39)

(40)
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Equation (40) leads to an Interesting
result for electric transitions. Consider the pair a=b.
Due to the parity selection rule for electric transi-
tions, A must be even. Therefore we see that the pair
a=b cannct generate a convection current which contri-
butes to EX transitions. A speclal case of this pro-
perty is when lWi> = IWf>. For this case it follows
immediately from (3) that EC(;) = 0,

Since the gradlent operator is spin
independent, we can even make a stronger statement; no
convection current can be generated if the spatial wave-
functions of |[i> and |f> are identical. Microscopically,
this is manifestly true from (23). In the spherical
harmonic cscillator model, the spatial wavefunctions of
the two states with J = lt% are identlcal: therefore
there 1s no convection current between such two states.
In more realistic (single-particle) models their wave-
functions will in general be different. The difference
will be small, however, because it 1s generated only by;.E
the spin-orbit potential, which is a small part of the |
total potentia.. This observationh, coupled to the fact
that only currents can affect y-transitions (due to gauge
Invariance, or equivalently, the conservation of charge),
seems to lead to the following statement: EA transitions

between spin-orbit partner states, such as d3/2 > d5/2,
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are always weak. On the other hand, we know this con-
Jecture 1s not supported by experiments., The answer to
this apparent paradox lies in the fact that only con-
vection current has been considered so far. Currents
generated by exchange and momentum-dependent forces or

due to basis truncations (i.e. Fexch

) have been ignored.

The fact that there are strong E2 transitions in nuclei
across the whole periocdic table is proof that 3EXCh is

not negligible. Yet for reasons stated 1In the Introduction,
a global treatment of JS*°P is not feasible. This diffi-
culty is resolved, at least in part, for low energy
processes (wave length of photon > nucleon size), by the
so-called Siegert's theoremz). This theorem enables us
to slide~step the questlon of currents, and relate the
electric transition directly to the nuclear charge
distribution. A comprehensive discussion of Siegerv's
theorem is somewhat outside the scope of this report;
however, it is discussed briefly at the beginning of

Appendix A.
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2.8 TIME-REVERSAL PROPERTY OF THE DENSITY OPERATORS

W2 shall use the time-reversal properties
of the density operators to establish the realness of
the densities. Under time-reversal (TR), all
momenta and spins change sign, and all c-numbers
become their respective complex-conjugates. Let us call

the TR transformation T, and for any state |y>
in> = Tlw>. (41)

We shall call a state of good angular momentum TR-invariant
if under the transformation T, cther than gaining a

phase (-)J“M only its magnetic quantum number changes sign,

Tlyam> = (=30 Myg,m>, (42)

where vy is the set of all other guantum numbers. Thus
as stated in (&) the single-particle wavefunction given
in (5) is TR-invariant, if u(r) is real.

Let O be any operator, and

Oly> =1 lo ><¢_lO]y>. (43)
n

We want to find the property of O under TR, which is
defined as
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]

TO[y> = TOT™!T¢> = Opluy>

- . ¥
l l¢nT><¢nlO|w> ’
n

the second line comes from (43), taking into account that

<¢n[o|w> is c-number. It follows that
) - ! *
<bp|Opl¥p> = <o |0fu> . (45)
3uppose

u = P=H A~—U
(OA)T = (-) OX ]

and let |JM> and |J'M'> be TR-invariant, then from (45)

M T 4N by - . #
(=)= TR 0T M g w2 <ampod o

Taking the reduced matrix elements on both sides, we have

<J“OA“J'>* = (-)P-A <JHOAH3'>. (46)

Therefore <JHOA"J'> is real, if p=i, and 1is purely
imaginary if p = A+l.

From (34), (35) and (36) we find that the
charge and current density operators transform similarly

under T
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= (_)A-m
(Oop,AU)T = (=) Pop, Amp? (47a)
c,m = (_3)A—H _C,m .

Since we have chosen a phase ccnventlion such that the
single-particle wavefurctions are TR-invariant (Equation (%))
it follows that all single-particle reduced matrix

elements of the density operators are real. This has
already been pointed out in Section 2. To esvablish the
realness of the density 1ltself, it remains to show that

the many-body states lWi> and IWf> are TR-invariant.

This can easily be shown by induction, if (5) is true,

and if all the coupling coefficients are real. Here

we only show 1t to be true for a two-particle state. Let

lab;dM> = [a®B;JM> = § <jamajbmleM>|a> |B>.

Then from (5),

T|ab;JM>

J.-m J.—m
Io<a m dpm [9M>(=)"2 2P PG |Es
My 5 My

1
~~
i
~—
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Therefore |JM >1s TR-invariant. We have thus shown that
for the phase convention used here, the charge and
current densltles are real. A corolilary is that the
one-body density matrix element pbaA is real.

It should be emphasized that Eguaticns (5),
(37) and (47) follow strictly from the phase convention
adopted in Section 2.1, which 1s essentlally replacing
m 2

) by 1 Y? whenever the former

appears. Any other phase-conventlion, if consistently

the spherical harmonic Y

used, will be equally acceptable but may result in
imaginary or complex densities.

The realness of the current, togsther with
the Hermitian property of the current operatcr, lead to
a special selection rule when IWf> is equal to ¥, >.

Frem the identity

* Ty
<Wf|0xu|wi> = <W1l(oxu) | ¥ e>
and (37b), we have
1+ LN T A i-i
(DAZ (r)) = 0y, (r) = =(=)"p), (r).

For magnetic transitions (2&=1), (-)A must be odd, from the
parity selection rule, so -(-)l = 1. Therefore a magnetic
transition is allowed. A similar argument shows that the

diagonal electric transition is nct allowed.
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2.9 1SOSPIN DENSITIES

So far we have discussed the charge and
current distributions in terms of proton and neutron
densities. If the proton and neutron wavefunctions are
close approximates to each other, a condition which is
certainly fulfilled in all light and intermediate nuclei,
then it is cocnvenient to discuss the distributions in
terms of isoscalar and isovector densities. Let us cail

the isoscalar density matrix Dég; and the isovector

density matrix péii. It is easy to see that

(0) 1 proton neutron
P = —= (p + ), (48a)
ba /5 bal bai

(1) _ 1 proton neutron
Poa = —-—2 (pba)\ = Prax ). (48b)

We can therefore pretend that there is only one kind of
particle with orbital g-factor and magnetic moment

which is isospin dependent. Thus

() _ _1 (gProton

T _neutron
T
u( ) _ 1 (pproton + (_)T uneutron); T = 0,1. (50)
S /7 S S



THE COMPUTER CODE "MICR@GDENS”

3.1 BRIEF DESCRIPTION, FLOW CHART

MICR@DENS is a self-contained package of
computer programs, written in the Fortran-IV language,
for calculating the charge and current densities, given
the one-body transition density matrix. The execution
of the program 1s controlled by input data cards, and

the results are printed and/or punched on cards and

plotted. The flow chart of the code is given in Fig. 1.

Tﬁe'exeqution begins at point A. Upon the completion of
a full cycle of computation, the command returns to point
A. The job is terminated upon reading of #2 data card
with N=0.

A second part of the program, shown as
part B in the flow chart, caliculates the Coulomb,
eiectric and magnetic form factors (see Appendix A,
Equations (27) and (27c')) corresponding to the one-body

transition density matrix.
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FIGURE 1. FLOW CHART OF MICRODENS

MICROLENS B
No
]
Read‘Card #1; Yes
Heading, etc. !
‘ Plot p's

Read Card #2;
N,B,...

Call ""FORMFAC"
Compute |F|?
in PWBA

Plot |F|?

Read New Use Previous

's)
“bai N Terms DbaA

— I 8
I

Call "CURRENT";

Compute px,piém

No

Yes

Punch p's
On Card




3.2 INPUT DATA

For each transition for which the densities
are to be calculated, there are three sets of data cards.
Each of the first two sets contains only one card.

The number of carde 1n the third set varies.
The contents and format of each card is

as foliows:

Content/Format
card - NAME, KIND
no. 1 7a10, AlO
card _ N, B, DX, NX, DQ, QMAX, vJI, VJF, 2, EFC, £FM, JS, JL, IPL, IPU
no. 2 14, F6.3, F5.3, 15, ( 7F5.1 Yoo« 412 )

card _ NLJA(1l), NLJB(1l), IRO(1l), R@(1l), NLJA(2),..
no. 3 13, 13, 11, F8.5, 13,....

NAME is the identifier of the particular calculation.

It may be up to seven words (10 characters per word) long,
and is used as the heading for all output. XIND may be
either one of the three left-adjusted words COULOMB,

(DA computed), ELECTRIC (pij?il computed) and MAGNETIC

(pAA computed). N is the number of Ppar to be read.

It therefore determines the number (N/5+1) of cards in set 3.

B 1s the oscillator length parameter (Section 2.3) in

Fermies. The meanings of other entries on card No. 2



are clearly explained in the listing of MICR@DENS (see
Aprendix C), and will not be repeated here. For each
valv o ta,t), NLJA, NLJB, IR@ and R@ have respectively

the following meanings:

1
NLJA = 32%n_ + 2¥L 4+ J 4% -
L A 32 I’la a Ja 2 a’
witnh NIUR similarly detined; IR@=1(C) if {(a,b) is a
proton (neutron) pair; and R@ = p ng, 2 0 is the

bai’
principal guantum number minus one.
b 13 1

3.3 PHYSICAL CONSTANTS

We give the names and values of the physical

constants used in MICRPDENS:

jusl
(o5
']
"
>
)
]

197.33 (MeV.F);

BOHR = L /e = A/2Mc = 0.105(F), M, 1s the nuclear magneton;

GLP = gi = 1, orbital g-factor for proton;
GLN = gg = 0, orbital g~factor for neutron;
MUSP = ug = 2,79, magnetic moment for protons in Mo
MUSN = ug = -1.91, magnetic moment for neufron in M

The effective charge for proton (neutron), in units of e,
is GLP+EFCH (GLN+4EFCH). EFCH 1s read as an input

parameter cn card No. 2.
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3.4 COMPUTATION

The charge and current densities are calcu-

lated in the subroutine CURRENT. When KIND

COULOMB,

the dimensionless density 5A(X) = dBQX(r) rexd is com~

puted using (14). When KIND = ELECTRIC (or MAGNETIC),

C,

c,m - .
QA:A¢1(X) - d3pA,A¢1(r) (or pAAm(X)) are calculated

r=xd
using (23-26) and (30-33); d is the oscillator length
parameter (see Section 2.3).

In the subroutine FORMFAC, the Coulomb electric
and magnetic form factors are computed. These form factors
are defined in Appendix A, section 3. They are essentlally
spherical Bessel transforns of the approprlate densitiles
(see (A.27)). However, in FORMFAC the form factors are
not calculated as such, but are directly calculated from
the one-body density matrix. For example, if we seek the
Bessel transform of the density (fﬂok(r)"i) with kernel jg(qr),
then in (9) we replace the partially reduced matrix
element (a0, (r)|b) by the reduced matrix element
<af§, (ar)0, (r)jb>. The point 1s that for harmonic cscilla-
tors such reduced matrix elements can be evaluated analyti-
cally (by the routine RADQ) and the form factor thus obtained
provides at least a consistency check when compared against
the (numerically evaluated) Bessel transform of the appro-
priate density.

In FORMFAC the form factors are calculated for

momentum transfer q = 1 to QMAX(MeV/c), in steps of DQ.
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3.5 0uTPuUT

The calculated densities and form factors
are printed 1n a format that is self-explanatory (see

sample output on p.92).

When IPU=1, the density will also be
runched cn the card. The first card will contain the
first three words of NAME and other relevant infor-
mation (see card MICR@D.95). Then 5C(xl), 5m(x1),
bc(xzﬁ, bm(xg) ... are punched, in format (6E12.5).

NX points are punched, with x1=0, xn+1—xn = DX. When

KIND = COULOMB, 3%(x) = B(x), and p™(x) = O.

When IPL = 1 or 3, the output 1includes
plots of the density vs. x. When IPL = 2 or 3, the

natural-lcgarithmic of the form factor squared is

plotted against q.



3.6 SUBROUTINES AND THEIR FUNCTIONS

Subroutines that are used in MICR@PDEKS

are described in Table 2.

TJABLE 2. ROUTINES IN MICRPDENS

Name Function Called by
MICR@D Main program
CURRENT Computes densities MICROD
FORMFAC Computes (e,e') form fuctors MICROD
TLYDEL Computes (2T, (Y 80)fe,) . FORMFAC, CURRENT

or
TLYDELQ <xa§j 3, (ar)T, (¥,8V NI £,>
TJIYLL Computes <£aﬂj2(qr)TA(YneL)ﬂab> FORMEAC
RDFUNC Computes escillater function Ra(x) CURRENT, TLYDEL
RADQ Computes the integral FPORMFAC, TJYLL,

® TLYDEL
2 - » N
J; x dx Ra(x)Jl(Qx)Rb(xJ
Eagh )
CGUOO0 Computes the 3-j symbol (0 0 0) TJYLL, TLYDEL
CLEBS Computes the 3-j symbol (: _Z g) FORMFAC, CURRENT
"WCOEF Computes Racah or 6~j Coefficients FORMFAC, CURRENT,
TJYLL, TLYDEL

LINPLYT . Linear plot MICR@D
SEMIL@G Semi-log plot MICRAD




The subroutines LINPLOT and SEMILOG call a system routine
PLOT, for plotting purposes. This routine is available
at the comput.ng center at Chalk River Nuclear Laboratories
oniy. Users at other computer installations may substi-
tute local versions of plotting routines for PLOT. If
this proves impossible, the calls, in MICR@D, to SEMILGG
and LINPL?7T must be bypassed.

A complete listing of MICR@DENS is given

in Appendix C.
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APPENDIX A

In thils appendlx we present a coulle~tion =7
formulas dezcribing some physlzal processes most often
expleited t~ propve the nuclear charge and current densi-
ties, namely y-emissicn, photonuclear-disintegratiorn
leading to particle emission, and elastiec and inelastic
electron scattering. These formulas will all be given
explicitly in terms of the density functions o “ T
described in Secticon 2. Detziled attention will be
given only to the development cof the formalism for the
(e,e') in the distorted wave Born approximation, in
view of the fact that this topic has received a less
than comprehensive treatment in the 1literazture.

A special property of electrcmagnetism
is its gauge invariance which is ~losely related to the
conservation of charge. A very usefui relation which
arises from this property is the so-called Siegert's

theorem. We shall start the aprendix on this topic.

A.1 GAUGE INVARTANCE, CHARGE COMSERVATION AND SIEGERT'S THEOREM

We shall use the compact Y4-vector notation
v

x, = (X,ct), x (i,-ct). The 4-vector electromagnetic

potential is Kv (K,¢}, the current is Jv (F/c.p). and the



sradient is a\ = (3,- % %E)’ The gauge invariance of
elavtromagnet ism states that Maxwell's equations are

trvartant under a gauge transformation of the second

AL = A, + 3 A (A.1)

where A is any function of X, The gauge invarlance
is closely related to the conservation of charge.
Consider the interaction of A' with current

Y

J . We have

v
fA' 7V ax”
Vv

v b v .4
fAUJ dX+f(3vA)J d x

IA\)J\) ax -fA(avJv)dux,

integrating by parts. The second term vanishes, however,

because charge is conserved:
> >
3,07 =2 (Vo7 + 28) = 0. (A.2)

The relation above is also called the equation of continuity. -
The gauge invariance allows us, for example, to work in

the Lorentz gauge, expressed by the equation

3 AV = ¥.2 + L
C

k4
11
o
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We shall see that thls 1s consistent with descriving A

as belng generated by a conserved current, Jv’ via a

retarded Green's functiong) G s
ret
A(r) = -1 | 3 (r1)G__ (r,r)d r 3
v ‘v ret " ? r (4.3)
where
1 1 + &>
G r,r') = §(t-t' - = -r!
ret (77") = 3o ( L

The Lorentz condition is automatically satisfied,

v = _3 Vi oy b
3 A" (r) i J‘J (r )G“Gret(r,r')d r'
- 41 Vo ' 1 yata
+‘tf J (r )Bv Gret(r’r )a'r
= -3 (3! JV(r"))G (r r')dur’ = 0.
v ret "’
Since J, is conserved, avJV = 0.

From now on we shall restrict our discus-

sion only to fields with definite frequencies

(A. L)

Naturally, fields of any time-dependence can be constructed

as integrals of such fields. Let us consicer a ficld



created by a source at infinity. 'In thls case Maxwell's

equations, in the Lorentz gauge, bhecome

VQA + k2A = O’
vV v

where k¥ = w/c. The three independent solutions can be

6)

multipole decomposed

s(H=a] o, (¥ (A.5a)
A
> > > >
A(f)=a) X)\o + 3 bu(g Wt R, ) (A.5b)
A A A=tl
with
B LA, TP g
¢7\u = [4n(22+1)1° 1 Jx(kr)Y)‘(r) (A.5c)
= (i) L - i pall AT s oM
Loy = GOT Toy = 07 A Ry Yy T gy Y ) SO)
s 2 Gyae 14 ap ) »u '
£y = EROHANTE Wiip, =1 Man (AL 3, Y 11 VX Tar1Ta, 41,10 (A5
3 _ -l > _ A AT . . . »
Pr, = QO Loy = 17 YAn (2D §, Yy, | O

where the direction pf the z-axis 1is élong E, and a and'bil

are arbitrary c-numbers. ;?Au,.éxu,;ixu are respectively the
longitudinal and transverse electric, &and magneticimultipoles.
Note that by setting the gauge field A in (A.1) to b§ %2 ¢é+iwt;
we reduce the gauge transformed ¢' and.f" to zero. Only

g' and 7_;1' are left, resulting in a two-component field



perpendicular to k. To see this differently we let
the field interact with current Jv(r) = Ju(?)eiwt.

We get

AVJ\)dur %—ff:f dur' -f bp dur' + (g and 7_;( terms)

L f‘ﬁ'j b *f“"’ a'r b e (A.6)

From the equations of continuilty, and (A.4), we have
VeJ = - ap - ~1lwp. (A.2")

Therefore the first two terms in (A.6) cancel. 1In other
words, due to charge conservation, only the §>and.ii

fields are felt by the current.

To proceed further, we expand the fields
in powers éf kr. Note that since‘the nucleus is finite
<(kf)n> < k7 Rn; where R is the nuclear radius. So for
long‘wéve—length photons, %<@<R, this expansion is

meaningful. We keep only the lowest order term. Then
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—_— A-1

> - 1 \ (K{I') T’;U . + ?"7 ((\ m'\;
" S §f2x+1 oyt a1, M 0k r™)), oAy

-, A-1
s - _ L fAxl o) - g £ 0(K7p? (A.7B)
VI s el e yesn ki WO VR TR AL R AT

Thus, to lowest order

Al R)
x5, (A.8)

Using the equations of centinuity again, we have

ey
oy
>
Cu
(o1
w
3
&
>
m
'_J
<
>
=
R o}
jo
w
"
>
Vel
g

The above relation which states that in the long wave
length 1limit a knowledge of the charge density of matter

alone is sufficient to describe the interaction between

—

the matter and the electric‘potential, i1s generally
referred to as "Siegert's theorem"g). The RHS of (A.9) .
i1s obviously easier to ccmpute than the LHS.  Con.eptuaily
1t 1s also easier to grasp, &as it is related to Static
properties of the nucleus.

o It should be stressed that in actual cal-
culations, (A.9) »11l1l be realized only if (A.2) is

explicitly satisfiad. For example (A.9) will not be
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reallzed when jeXCh 12 non=-vanlshing and not 1included 1in
3. Therefore 1t is always advantageous toc use the RHS

of (A.9) whenever possible, sinze unlike (the EEXCh tern
in) 3 the charge density is known. One of the prescrip-
tlons fhat will guarantee gauge Iinvarilance and charge
conservation is to replace the operator ? v in 13) by

the cannonical momenium operator [H,r]. This will
include in 3 the exchange current due to the explicit
dependence of the interaction on momentum. There are
other more subtle reasons for the breakdown of {(A.Z,.

For example, truncating the basis in a shell model cal-
culétjon i1s equivalent to making the twd—body intera~tiorn
effectively momentum-dependert, even 1f it is not

}exch

explicitly so. This part of the can be c¢ither

10

~—

eliminated (or reduced) by enlarging the basis or it

can be calculated by perturbatlon theory. In the

literature the latter procedure is referred Lo as

"renormalization™ of the density operatorsll’u’Lz).

There is no equivalent ol Siegert's
- oo (b
theorem for the magnetic interaction Xu'J d'r.
Although the contributions fr~om the magnetization current
of (W) almost always dominates this interacticn, in
3) '

some cases the contributiors of the exchange current

are kriown to be important.



Siegert's thegrem can be generalized so
“hit for the olectric Interactions expliclt reference
t> the current 1s deleted for all photon energies,
137

!
used gauge invarlance and Foldyli)

sachs and Austern
used the corservation of charge to achleve this goal.
The erd resu.ts of these two approaches are equlivalent
tut not Lderntical. Essentially they Involve different
serier exransions of the interactions 1In powers of the
rhoton enerey hw.  In both cases the expansions can be
ider~i:7'+1 wivh the usual multipole expansion only in
the longs wave-length limit.

The equation of continuity, (A.2), can be
expressed in terms of multipole densities. For the
Fourier compaonent Jv(r) = Jv(;)eiwt, we have, from (A.2)

and (11,127,

- . +
kpx(r) Atl a2 2

where k = w/c.

x a A-1 3
2A%1 ar =Pt SaaT GE r )px,x-l(’")'o

(A.2')



A.

2 GAMMA-EMISSION

The rates of transition from |¥.> t« R
or the numbers of photons of energy fiw emitted per
r
second, are 5)
E 3 -
Tku ﬁ(2k+1) | gxu ¢ d (h.10a)
and
Mo J i
respectively due to electric and magnetic A-pole
y-transitions. Using Siegert's theorem and (11)
2A+1 ©
E a \ 2 At {
Ty, = gre’ (Ci X )€ ( 1)A2 K 7 sj prte QA(P)GP)Q (A.11la)
H sAH AL (2x+1) 11 ]
Here C = <J, M Au J B
’l

in the long wave-length limit.
in which case

We may also use the current gilven by (12)

(r)

E 8nke2 1 e
Au R 2A+1 i, Ap

oo
£ 2 2. . Y
- .
) i[ Toarvasl JA-l(kr)pl.A~l(r)+ A Ire1 E20y

T
0

(A.11b)

Similarly
Moo Bmke® (T2 warzdr' (kr)p,, (r))? (A.11c)
A T 1,An 0 I Par '
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n the long wave-length limit, a condition invarlably
sarviafied in nuclear y-transitions, we may agaln expand
the spherical Bessel Tunctlions and keep the terms lowest
order in kK. Summing over Mf and ¥ and averaglng over Mi’

we define

o E ey o 1 EM,.
L\M)\,,L ', = 2Ji+l Z T;\l: (1f‘)
m, sM,,u
i°>rf
2A+1
1
c Br(A+1) k By Asivr). (A.12)

A[(2r+1)1112 M

B is called the transition strength. From (A.11)

2J .+1 .
G oameY = A2 £ - A+2 i+f 2 (
2J 41
_ 2 °Ur (2A+l A J” A+1 a2 .
= e 2Ji+l ( _l(rldr) Py (A.].Bb)
2J +1
s _ 2 T A A+2 1 £
B(MA;i+f) = e 2J1+1 Xii'(or r (r )dr) (A.13c)

The -strengths are simply moménts of the apprépriate
transition densities. The dimensionality of B(A) is
e’L?. Note that the RHS of (A.13b) depends explicitly
on the photon energy, whereas the expression in (A.13a)

does not. This is a reflection of the continuity



equation, which must be satisfied if the equailty of (A&

and (A.13b) is to be r=zalized.

In the literature (4

-
DY

is invarliably used, as its evaluation requires na

explicit statement belng made of the current.

As for the evaluation of all

operators

involiving the gradient operatcr, different expressions

van be obtained by integrating by parts. Wwe

shall ucse

this technique to¢ derive a more familiar expression

for B(MA).

A A

Using the identities

+ 1 A ). 7
oY = - /XTTITT VG*&A) L,

Azu
r Yo
and
Y X(PA
we have

A A2 i-+f
A+lj TP

2Mc A+l

From (z0) ard (77) (second line)

by A+2  i-f

i

21 s
) =1

’ A
(ridr = <Wfﬂsﬁg‘1

1..

_1+X{2gL -+
A+l

¥ The following identities are more general:

__E____wfh -i; <ﬁx -(6x3)>
YA(A+1) H H

we

. A+ > e A= -+
Vel =20, 07, oV b (VY )l

ha-s

(Wl

ey

A > > A >
Vir gl) L+u Vir'y) o}"Wi>.

L. 192

/

(A.14)

(h.15)



Tne operators on the RHS are the usual effective magnetic
A-pole operators due to charge and spin respectively.

The evaluxti-n of the complete matrix element can be
e i e s &)
rfound in the literature '. However, we may also
serarate the angular and radial integratlions and thereby

define the approprlate densitles. Using the identity

=1 §u

Y et e
Sty = ATz TR

4 defining the orbltal and intrinsic spin densities

L,i~f _ h 1 L3 i ;
0" = o= —=— (Y _ 17z Y., -L]Y¥.) (A.16)
Iy Mc YETS f L "Aal i
S,i*f - f ' . £ 3 '* }
cy: sws (Peli™ vy Yy ""“’i)’ (A.17)
{ have
23 _+1 o«
ey L 2 0T A+l L,isf | ;- §,i+f 2
B(MA:inf) = e 2 1 Vs (2x+1)§or X A -1 * i+l Py yopldriT. (a.134)

We use (9) to evaluate the partially reduced matrix elements.

We give the relevant single-particle matrix elements

j +L -A-%
1A + a b A .. 142> > )
{ajli Y ilip) = (- : W . : .
I ygp LBy = =) 30, W 35 e @iy, D) (a.18a)
QAL L AL4A-L L (L. +1)
14 _ a.b a ‘b b % ..
@l enle) = ) 3 () AR (2241)
2oL,
x WL 18 ;2 002 Pyu’(x) u (n) (A.18b}
b a0 00 ""a b . ’
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(aui1+k? b - (_)£a+2b+1b+% iﬂb+l+A-Qa . (ja 3y A\
Aat1,1 S R VR VR

+1+1 (A1)l * .
x (xa+xb -x ) (4 N ) ua(r)ub(r), la+2b+A odd,

and

. AR SR O E i i, A
(af 1* §)A1-onb) =-(-)° 1P 3545 (ah

= (xa—xb)(4nA(A+1))-% u:(r)ub(r); L ti +1  even.

In the literature, the transition strength
is often expressed in terms of the so-called Weisskopf
unitslS) (WU). This unit represents a rough estimate of
the single-particle strength of a proton in transition

and 1s given as follows:

2X 4
(1.2) 3 2 ,2A/3, 22X
BWU(EA) Im (A+3) A (e"F 7)),
2A=2 A
_ 0.11(1.2)" ;3 y2 (2X=2)/3 , 22X,
Byy(M\) = - (550" A (e“F°"),
_1001.2)%22 3 0 (2h-2)/3 2 2K
T A+3 Hn ?
where Moo= gﬁg = 0.105 eF is the nuclear magneton. A is

the atomic mass number of the nucleus. The Weisskopf

(A.19a)

(A.19b)



anis strengths, In units of 62F2A

, for EA and MA transi-
vions, are respectively plotted in Flg. A.1 and A.2, as
functions of A.

Experimental data on transitions are also
expressed in terms of the (partial) width, T(A) = hT(X)
and the assocciated lifetime 1(3) = T(R)-l. T(X) 1s the

rate »f

*ransition given in (A.12). We may define the

Kinematic 2oefficients t(X) and c(A),

2A+1

t(Asiep)"t = c(-eS T eBOG 1),

rosien™h = con B2M B0 1),
where EY = fick is the transition energy. From (A.12)
A 2 -
C(AMh = £(x) = —0T(A*1) c € ), if B(A) in e°F°l

(
AL(2A+1)111°  (mo)ertl he

B (A+1) c e? . f |2 2 _23=2
= (z=){==—=)" 1if B(A) in u°F ;
(1112 5oy ‘e’ v

In table A.1, the values for t(A) and c!{A) for A=1 to 5

are listed, with 1 in units of psec (lO_lzsec), I in

units of eV, and EY in units of MeV.
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TABLE A.1. VALUES FOR COEFFICIENTS t(}) AND C(A)
B(A) in eZp?’ BOV in y YFP*2

A t(X) c(x) t(}) ——Cb(.'A)

1 1.60(3)" 1.05 1.76(1) 1.16(-2)
2 1.23(-3) 8.08(~7) 1.36(-5) £.94(-9)
3 5.72(~10) 3.76(-13) 6.33(-12) 4.16(-15)
4 1.70(-16) 1.12(-19) 1.88(-18) 1.24(-21)
5 3.46(-23) 2.28(~26) 3.83(-25) 2.52(-28)

+*

The number in the bracket is the exponent of 10, i.e.

1.60(3)

= 1.60 x 103.



A.3 ELECTRON SCATTERING

We shall express all momenta and energles

ir. merms ~f wave numbers, in units of inverse length.

*

oY
jan)
&}

"oliowing notations will be used,

+ » »
FeaEPpo momenta of the incident and scattered

electrons, respectlvely;

£ 4 5E oy initial and final electron energy;
~>- > -+
d T Fy=Fa, momentum transferred to the nucleus:
0= Ei—Ef, energy transferred to the nucleus:
> _ 1 > -
P = "'(p.'*’P;-),
2 {

and

e . ¢z 2
9, = qQ -«

The EM potential which interacts with the
nucleus is generated by thr electron in motion. We
(e)

use (A.3) and write Jv as

(e) _ _ =
JV =€ wf Yvwi:
where ¢ 1s the electron wavefunction, and Y, is the Dirac
matrix. From (A.3), (A.L4), and integrating the time out,
we get the time-independent 4-vector potential

ikR
- 3 a— -3 - e
S - ~k = - - - ' ' .
(Ei g )F\V(r) eG(ei €¢ k)fd r wf(r )yv\l}i(r ) -

R = |[r-r'|. The interaction matrix element, to lowest order, is

(a.20)
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<Hint:. =fd3r, Av('r"’) J\)('r'*), (h.21)

where Jv(r) is the nuclear current. The differential

cross section is

do _ 2m 2 Pp
a—ﬁ-ﬁ |<H1nt>| 'j';' (A-22)

where Pp is the final density of state. Including the
nuclear recoil correction

5 - 1 Prtr

f 2¢€ 3

1+—Ff sin® & (27 ) “Hic
M 2
T

where 6 is the scattering angle in the laboratory franc
and MT is the nuclear mass. je is the incident e.ectron
flux

Jg = ¢ Py/ey-
(The expression for pf and je implies that the electron
wavefunctions are normalized in a sphere of unit volume-)
Putting everything together, we have

£E,E.P

do i ft°f 1 2
2V = > .23
an |<Hy 0> (A.23)

2 n 2 .78
(2w)° (fic) Py 1+(2Lfsin 2)/MT

Only <Hint> remalns to be calculated.



In the plane wave Born approximation,

+
-+ -+ - et
Wp(r'iwi(r’) is proporticnal to e 1a*r . Using this

i

nroperty and the relation

ikR
R

.
(V. 4 k%) &

r.‘

= ~8(P'-1),
and by integrating by parts, we have

SH, . Couny = %f@(?«)yvﬁ’(?)wi(?)d%. (A.2L)
q
9

The evaluation of the matrix element is straightforward
but somewhat tediocus; we only give the result for the
cross section averaged over 1nitial and summed over

. . . . 16)
final syin projection™ 7,

do _ FiffPg 1 1 ) PNL
an 2 2 . 28 2(27.+41) int 'PWBA

{(2m7) " (hc) P, 1+2€f/MT51n 5 i Mis

2.2 Py 2 .

~zo f - {v_(8) ] ]rp(qzﬂz
4 Pi 142 ¢ /™ sin2 Q_ L A
9, £/ 2 A=0
M, 2,2 E, 2 (2
+V,(8) ¥ (lF}\ (g + IFA (q) |} (2.25)

A=1

where



Yy
q
_ 1 7 2 2 5
VL(B) =37 [(Ei+Ef) -q°] (h.26a)
q
&> >
_ 52 P-g,2 1 2
Vp(6) = P° - ( 3 )T+ 7 9, (A.26Db)
The Coulomb, electric and magnetic form factors, FC,
FE and FM, are given by
3ii c, 2 1 . 2
2 E——-FA(q ) = ;-<wfu¢lpopuvi> = Van 3 Jopx‘n)jk(qr)r dr (A.27a)
£
3
i E 2 = L ._,
z j_- F)\ @i = ec <‘{’fug)\ Jop""”i>
f
=Ff vy ' - 2
an | {241 OA,A—l(r)JA-l(qr) + A pA’A+1(r)JA+1(qr)}r ar (A.27b)
&:i.i M 2 1 > /fa= 2
A 3—-* F)\ (q ) = = <\i'ium)‘-JOP"‘Pi> = J4n X DM(r)JA(qr)r dr. (A.27c)

T

The multipole fields Qlu’ gﬂu and?&xu are those defined
in (A.5) (with k replaced by q) and p, and Py are the
nuclear transition densitis defined in Section 2.

When the momentum transfer is small,
gR 5'1, where R is thé nuclear size, we may use Siegert's

theorem, resulting in

E, 2 k AF1 .c, 2.
Fola™) & 1 /—X_ Fx(q ).



we hiave the eoxtra facter k/¢ which 1s not equal to unity

vesagae in weneral the oxchanged photon will be off the

As in our discussion of the B(M)) strength,
the arbital and sein densitles, defined in (A.16) and
CALYTY D can re used to compute the magnetice form factor.
Thus (see footnote orn p.ud)

-+

1 oot .3 ue . =_§.‘1—<‘y i) L & .—.-;\y>
e Ve I by Me g ‘?‘fou VRTYeT, bg &y, Yy
cVE o VT TS 5 an- e o = oS . 4. tar)icfar.
4 A, A-1 A A1 Y-l A A+l A 1T 7A+1
(A.27c')
Clearly the LHS of (4.27c) has a simpler appearance. It
should also be poulnted ocut that (A.27¢) is formally

. e .
correct for the ccmplete current (including 3 XCh) densityv:
. / ey . . jc . m
whereas (A.27c¢’) 1s speciaiized for and J° only. In

L and ps have over pc and pm is

general the advantage p
that the former do not involve the derivative of the
nuclear wavefunction. When q is small compared to the
nuciear size, only the first two terms on the RHS of
{4.27c') need be retained, since]jk+1(qr)/jk_l(qr)(<< 1.
In this case, Just as in the case of static MA transitions
in the long wave-length 1imlt, it is more advantageous to
use the orbital and intrinsiec spin densities. This is

L,S
1,0

b

eapeaially so for M1, since p are dulite simple to

calculate.



Wher, the charge of the target 1s large, or
more specifically, when the Coulomb potential energy of
the scattered electron is not negligible compared tn its
kinetic energy, distortions of the incoming and outgoing
electron waves must be considered. In this case, the
condition leading to the simplified expression of (4,24
18 no longer satisfled, and partial wave expansicns for
both the initial and final electron waves must bte
carried out.

Althovgh the expression for the (e,e')
crons section 1In the distorted wave Born approximation
(DWBA) exist in the 1iteraturel7>, the derivation is
often less than transparent and the end result incomplete.
Ve shall therefore present a conplete derivaticon of the
formulas here. Readers who are only interestud in the
end result shall find them in (A.b41) and (A.U45).

"we shall use the abbreviated notations J = [ d3r'd3r,
J

c.%, = 1c ¢ - <jam jbmbljcmci, and Yg = §§ N+1.1 and
Yadp a’p a * InESe

FH - ZU

0o

We start from (A.20) and (A.21). Using

it representation of the Dirac matrices, and
expand1ng9) out the Green's function, we have



PO T -+ 1 kR
H o~ o= e Lo (F9) (e (D =ae2(r)/a)y, (r) e TR
int £ 1
>
- + > J (1)
1okl ) ¢ _lo-a )y, (kr )h (kr )Y Mg )Y (x), : {h.28)
“ H c i >
\=0, i
where » (r ) s the smaller (larger) of r' and r, and
T : (5 )Y . an uperator in the electron Hilbert space
. L

aniy.  Tn othe folliowing we shall use the abbreviation

\r‘)h}(r) (kr )h\l)(kr>‘

= \)X
For any vectors A and B, we have the identities

.

- Ty ¥
) Alr' jepBir)y

? (P')Y (P)h )hi(r)

=
W o~
=)

PR O
o

i
~1
t~

—

]

-

Voo o~ om¥ + A m
(A-2_ vi'n)(Bee, ¥in )

= 1 ) R.gv (F')n,(r') ny(r) ¥ (7)-B (A.29a)

ALl

¥
+
*

=1 LA GO, (B+E (eDE, ()4 (3, (£)}B (A.29b)
T4 hyw(2a+1) Au * eru x) Au(r EAu o hﬁu o ﬁwﬂp r :

where Eil, €

the spherical vector tensors defined in (A.5), with Jq

-+ g
o are the spherical urit vectors and, g,?;( are

replaced by hz(i.e., ji(kr<) or hél)(kr>)). In the summation

over i, X starts from 0 forj?, and from 1 for'g amdﬁi. The reason



- 61 -

for having the two expansions (A.29a) and (A.29%9b) will be

made clear later. Briefly the former will lead to a

simpler expression whereas only the latter will allow
us to make explicit and easy use of the equation of

continuity. Putting (A.29) into (A.28), we have

r

) . L k¥ s AU

.o ) (-

Hing™ =70 Mﬂ'{;r Loy (e (=07 ) (o 17V
Au

LTRSS Al Aoz
- ) hoh (o107 ¥, ooy ) (17 Y500 j/c{} . (A.30)
Ay

We shall do the angular integration

for the RHS of (A.30) first. From the definition of

the nuclear charge and current densities, (11) and

(12), we immediately have
A f
dan. = e C (r)

ATy, - f
Jﬂ PR T/ any = e Cian Pag(m: (A.31)



To do the same for the electron part we need explicit

exrressions for the electron wavefunctlions.

18)

the notatlon of Rose , and write for the

and cuteoing functions

We follow

incoming

+18
L(Eg _ hm R R pdv o gmE s vy 2
Yo, T /3 Lo 1 CQm%o y (p)y, (r) (A.32a)
 w,m,j
where § 1is the phase-shift, o is the spin projection, and
[ 3
w: is a "wo-component wavefunction,
\) ~
%K(P)¢K(r)
pU(r) = (A.32b)
K
. W
if (r) ¢~ (r)
v ij m g
~ - ‘» C N ~ - ‘?
i< K
m,Jd
with j_ = |«|-3, and &= «, if « > 0 and £ = -k-1, if
Kk < 0. The radial wavefunctions g and f are solutions
of the coupled,radial Dirac equationslS)‘and are func-
tions of the electron energy and the nuclear charge
distribution:
dg
< - _ k4L
a—f’—— = (E+me V)fK T gK (A.32d)
de k=1
i £, - (E_me_q)gK (A.32e)



where E = Ey Or €, and V(r)are the appropriate statie
Coulomb potential generated by the nucleus. With

(Aﬁ32), we have, for any tensor operafor O)\U

i(8 +6 )

o'y u; o, _ 2 i K k' -2 v jree * . m' - V!

(Wf IOAIWi) = 8n z € 1 szocl m'/cy’g (pi)YR"pf) (“’K-IO;I‘”:) '
ke "mm’
(A.33)

From (A.32b)

v' LA U v
(WK,I(—I) v, e

- 7\+u j'v! LA I LA

SN C T CIN ER N DRI L N [3) (a.34)

and

(AN TP A Th Vi _'.'-_ At _j'v!
ol 07 @y o) = -1 ey

. .2_) -

SR CRESITEN EACES SV DN E St M 14 YML1"¢ ' (A.35)

where J = J ., ' = Jgu- From (14), and (A.19)

A T N S I L ’
o it o, 0 = (03 TEA AN AL G 3 A ) or g +2_40 even
-tk JRRE TS Wrrdl -5 07 Tk Tk - =K

=0 o otherwise. (A.36)

S 12 SRS B

A _ A | '
0, 11"y, lo7) = = o) Lo tL A odd

=0 : ' otherwise. (A.37)
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. o t(c'-c)+r+1 A
o, i Jep ) = 2l me )il @ ity le )
*w L X AL
» > {g "=k )=A A
S TR R PRI e S N O FR A T
= Ay
N - k' LA
(¢, W17 oY fler ) =+ —— ity u¢_ )
x AN T /AOHi) A K
Putting (A.23-42) into (A.30a), we get
1(6 +6 |)
) f ? 24 j-ttu J A
<Hio DWBA = —iixn e k ) Ci,XL (-) (% _% 0)
AUk
K'mm‘
. \jV J \) j'\)' m* - mv ~
Lim%a CQ m'Y%o Jv,A—u Yo (pi)yﬂ'(pf)
- (1) s ..M
xJﬁ {]5(Kr<)hﬁ ke )Ty ~ 2 Tered)
c ‘ (1) EL 2. ,.2
) Jl(kr<'hz (kr>)TK,K“3r dr'r dr
1=A%1
where
S '
TK'KX (r )Dx(r)
EL - - e (et _pyet 0y,
TK'KA,A—l 3/7'(AF“'K(r )~k K)FK,K(I ))“A,A~l(r)
EL 1 - +
T, = ((A+D)F | (x') + ('-)F_, (x'))p {r)
K'KA,A+1 i/iII K'k K'k A, A+l
K +K
k'kd K z(r )pAA

(A.38)

(A.39)

(A.40)

(A.41a)

(A.41Db)

(A.41c)

(A.414)

(A.41 )



Gl (r') = g (g (£} + £, (x")f (r") (A.41£)

FE.K(r') =B (xDE (r') £ £ . (r')g (") (A.41qg)

i

where 2 = EK, L' = QK,, J = jK, J! JK,. Note that

for T and TEL, £+2'+X must be even, whereas for TM,

L+28'+X must be odd. It follows that other than the

1(6K+5K,)

phase shift factor e , <H1nt> is pure imaginary.

Equation (A.41) has been the basis for
essentially all the computer programs written for (e,e')
in DWBA. An updated and improved version of one of these,
the code DUELS, originally written by the Yale-Duke-Ohio
grouplg’QO), is available at CRNL.

It should hbe pointed out that in the
development above, nowhere was the equation of continuity
used. This results in T® being due solely to the scalar

TEL -

multipole, and being due both to the longitudinal

and transverse electric multipoles. Consequently T° is
not the equivalent of the Coulomb term F® in PWBA. The
latter includes the contribution from the longitudinal

multipole as well. Similarly, 'I‘EL

E

is not the equivalent
of P in PWBA. The latter is due only to the transverse
electric multipole. It is desirable to combine the

contributions to the scattering from the charge distribution

and the longitudinal current. One does not do this for



esthetlc reasons alone. For a many-body nucleus (A > 2),
the approximation used in calculating the wavefunction
often leads to a current which is not conserved, even
when the Hamiltonian is formally gauge invariant. There-
fore it is advantageous to work in a formalism that does
not overly rely on the accuracy of the (irrotational
compenent of the) current. In the following we shall
derive an expression for the (e,e') amplitude in which
explicit tnowledge of the longitudinal current is not
needed.

We start from equation 28, and use the short-

hand notations for the electron current and density

~ge

++ Fo2e > t
102 pelra wi(r');

‘p(e)

DNEAPINEIDE

In making use of the continuity equation (A.2), we will
have to do some integration by parts. Therefore it is
necessary to separate the electron and nuclear coor-
dinates. First we recall the integral representation

(1)

i4nka(kr<)h2 (kr

Ry : (A.42)

. J‘” i, (ar')9, (ar)q?dq
0

q?-x%-ie

Substituting into (A.28), we get
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zd
<H, > = ~Be dr dr 2

0 q —k ~-ie

1- ~ ~
) {(p( )(r Yo () - 3T (3 )J(r)/c)] (qr')y) (r-'.)jz(qr)YI:(r)}.
£,m

,

The electron and nuclear coordinates are now completely

separated. We now use (A.29b) and get

o 2 B
- - g q dg T s x yMELm
<H, > Beydr a* A L 0(eyPi ig¥y Y,

m

- 1 moen L GE0g,, T (3(}’»)/c-0ﬁu(;”}’
)‘aU Gl

> >
whereé means summing over the three functionals f, £ and M1

defined in (A.5). We are especially interested in the

term when 6? is

->

Ly, (P = /ET Vi)t Ty, oty o).
In this case

. | ‘1 > > - > -+ >
Bm(2A+1) jdr‘(f(r')'flutr' »' f ar (I (r) /e

_k > > >, 4T >y . TR TR
= =5 j’dl' dr pA(r') px(r) jA(qr')]A(qr)YA (r )YA(r),

(A.43)



where we have integrated by parts, thrown away the vanish-
ing surface terms at infinity, and used (A.2). We get a
Trerm which is kzlq2 times the scalar term, for each
momentum transfer q. Combining this term with the

-

scalar *erm in (A.43) and recalling that forgf = 4

. -+ -+ -
the sum over A 1s from A=0 on, whereas for 4 = & oor 9y,

it is from Xzl on, we have
<H. >~ = -Refd;'d; ) dgp’ (F1)p(D) T 3 ar )i, (Y™ (r Y™ (R
int N 0 (e) -2 2 L e
£=0.,m
o] 24 1 + B -»
- _9°da 1 T ). n 2y /ce 2L
R Sy I wons L 43¢ )é)\u(r NTS @ /e @AU(-.)}
4 L A=
Lot R=€.M

This 1s a remarkable result. The expression for the Coulomb

term. (first term in the curly brackets) is similar to that
for elastic scattering: that is, for k=0. (Naturally the
densities Pe) and p still depend on the energy loss
implicitly-) To proceed, we integrate cver g and the
angular variables, using (A.50e,f), (A.33-40) and (A.u2).

In using the last equation for the Coulomb term, we take

the limit k=0,

® . . _ L T¢
8 J; ]l(qr')jz(qr)dq Y re i v



The final result is
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The function P(’) enforces the parity seliection rule,

(%)

+91+
Prl =3 (1t (—)FRIFA

).

Altncugh in principle they should lead to

identical results, (A.45) should be chosen over (A.u4l)
whenever possible. Some of the reasons for advocating
this choice have been given earlier. In more practical

terms, suppose we are interested in calculating the
forward (e,e') amplitude for a natural parity transition.
Equaticn {A.u45) only requires that the charge deonsity DA(P)
be kncwn whereas (41) requires a knowledge oi the
current densirties px_l(r) and pA+1(P) as well. It can be
shown that the error incurred in using (A.41) but setting
pAtl(P) = 0 is approximately k2/q2, where a is the
(asymtotic) momentum transfer. Therefore the error is
small when k2/q2 << 1, and (A.45) offers no practical
advantage over (A.4%1) in such cases. On the other hand,
when moderate electron energy beams are used to highly
excited nuclear states (such as the giant EX resonances),
kz/q2 can be large, and (A.45) is definitely to be
preferred.

Equation (A.45) has the correct limit for
elastic scattering, but it is more convehient to use the

relation



.o
1im k3, (e O (kp) = o3 =

k=0 r

for the magnetic term (second term in { }) at the outset.

Also in this case the transverse electric (third) term

vanishes since pk,xtl(r) each vanishes individually, as

was shown 1n section 2.8. We also expect the electron

kernel to vanish for this term. We note that the

electron kernel is an odd function under the permutation
-

k' ¥ k, therefore it must be zero when wf = wi.
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A.%  (y,N) REACTIONS

When the absorption of a y-ray leads only
to ar, internal <xcitation of the nucleus, the process
can be described in terms similar to those describing
y-emissinon., A more complicated reaction occurs when the

nucleus disintegrates. Here we describe the reactions

(y,p) and/or (y,n).

We first recall the general (non-relativis-

tic) expression for a scattering cross section

CHN-U 5 P(Eg)
an = 5 SHipgl 3.

i

<Hint> is the interaction matrix, in this case

Hint

{1

D) (gxu+u7ﬁAu)-3/c = ) o
A u=t

Au
]

u A,p=tl

J. 1s the filux of the incoming (unpolarized) beam. For

the EM fields given by (A.5), with P,y = 1/V/2,

Jy = k/2mh.

pp(E) is the number of final states per unit volume per unit

energy. for (y,N) when the wavefunction of the outgoing

particle is normxlized as
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' W(tzo = 4r ] u(r) Y' (P) Y (Ef)xc
1 m
) dgm o)
= u_" Z sz%o o (I") YR, (k)
%,m,a
m

L]

where lim u,(r)
proo

"ignoring recoil)

sin(ky - 7 + phase shifts), we have

Therefore

dog _ M Pe
an - 2 hk | <H

21

Let iWr> be the wavefunction of the residual nucleus.

The total final state is

ETSUINTAS

Y o>
¥e pf,

1l
I
=

o~
aX'
F<
E
r\
""'J
[
'E-

V>

Therefore

(A.46)

(A.47)

(A.48)



=1 ~ ¥ kmo- +) .
<Hint> = /_“2: }: 4q Z Cﬂ}i YE (pf)qpa wrlo)\ul‘yil
A,u=*1 fma
4 *m -~ i+f a __(+)
= 1 > LY, eg) § Pabyz llo, lb> (A.49)
A,uxl L ab
where
inf 3™ o Ay i
= (- = ; A.50
Pab,ap - ) Cox Cop ch’B <J_3b[}y> (A.50)

is the equivalent of the one-body transition density matrix.
<Jr;b!}Ji> is the usual fractional parentage coefficient.
We can now use the formulas developed in section 2.

We find

=
=
[$]

|

<H, > =

* A _
int ) ) ng (pp) Vim
L

A u=zxl

<~
nN|

x {fr?’m AT g, Gerdoy, 1 (2) + /X 3, (kedp, o, (0)
~ Y 2
+ uA dr j, {(kr) (r)i. (A.57)
u (_\, r J)\\KI. lp}\)\

The similarity among the expressions in (A.51), (A.11),
(A.27) and (A.45) that involve the nuclear current
densities is quite transparent. In the curly bracket,

the first two terms are due to é@u and the last term due



s
toﬂkxu. If the photon wave-length is long, we can again

use Siegert's theorem to replace the first two terms by

f2>\+1;\(>\+1) frzdrj)\(kr-)pk(r) Ay A—}l zﬁlf%ﬁy r'“sz(r)dr.

When magnetic states Mi and M, are

f
averaged and summed over, respectively, the parentage
states IJf;b> enter the sum incoherently. Furthermore,
when o 1s summed over and the cross section integrated
over the angle of ﬁf, the multipoles contribute
incoherently. We get

g = S'rrMcze2 Pf (2ja+l)

' 2 +) 2
i) {<d_sb[33 > <a™ o, b>] " .
(ﬁc)z hk b (Zjb‘l‘l) (22+1D) T i A

The one~-body matrix element can be evaluated straight-
forwardly using (A.5) and the formulas in Section 2,

or alternatively, those given in (A.14-19). We only
poinf_out that since the radial wavefunction of the
outgoiné particle is dimensionaless instead of having

the normalizafion I lu|2 rzdr = 1 for bound states,

_ﬁhé dimensionality of ?he matrix element 1is L3/2.

) " In practice the (y,N) spectrum (for A >> 1)

has a broad resonance structure. Thus at least in the giant

resonance region (Ev Ay 20-30 MeV) cro&s section is



dominated by the second order effect. That is, the
photon is first absorbed by a resonance of the target,
and the nucleon is then emitted through the residual
nuclear interaction. In this case we have a "second

order" term

K]

+

J
), . 1 P N ) L ey -
qlé)s = L I <v|@ gy )£ |y > ~ <y v |y,
int /3 N An pATR n Ef+Ei Ii‘.u+il"l_!/2 n' res' £
A HT =

where Erland Fn are respectively the energy and wldth of the
intermediate (resonant) state an>. The electronic
matrix element can again be expressed 1in terms of the
currents pi;n. The description of the nuclear vertex
leading to the particle emisslon may be quite complex,
and 1s outside the scope of this rerort.

An alternative to the perturbation
treatment is to incorpofate the resonance effect into
the outgoing wave. This involves the solving_of coupled-
channel equétions, as was done by Buck_and HillQl) and
by Raynal et a].zﬂ). In this case (A;Sl) is formail&
retained, with the resonance (or sgpdhd and higher.érder)

effect included in the (complex) dénSities Py

’
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FIGURE 1. BCEA) WEISSKOPF UNITS
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FIGURE 2. B(MA) WEISSKOPF UNITS
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APPENDIX B

It was shown 1In Section 2 that the nuclear
“structural information leading to the one-body charge
and durrent?density is contained in the one-body transi-
tion density matrix, p. The computation of the density
matrix depends on the specifle microscoplc model being
used. In some models, such as the shell model and
the Hartree-Fock model, the "complete"™ wavefunction of
the nuclear state 1s obtained. In such cases the com-
putation of p can be quite complex. In other models,
such as the random-~phase approximation and its variants,
the transition amplitude instead of the wavefunction isé
obtained. In such cases the computation of p becomes a
rather simple matter.

In this appendix we describe methods to
calculate p in the three most commonly used nuclear
models: The particle-hole model, the shell model and

the Hartree-Fock model.

B.1 TRANSITION DENSITY MATRIX IN THE PARTICLE-HOLE MODEL

One of the simplest kinds of microscopic
model describing nuclear excitatlons is'the particle-

hole model. In the Tamm-Dancoff approximation (TDA)



the particle-~hole structure of an exclted state of spin J,

relative to the 0' ground state |0> 1is

_ ot } J ot
¥ow> = Qul0> = L Xpp Apngml 0 (B-1)
ph
where
o JM o
Rabam = ) a8 %8 Cu Cps (B.2)

mB

p is an orbital not occupied (particle) in |0> and h is

an orbital occupied (hole) in |0>. The amplitudes x

ph
are obtained by solving the linearized equation-of-
motion23)
- +
The normalization 1s
J |2 :
(x_.)° = 1. LU
I G . (B.4)

rh

Since A;bJM is in fact Jjust theltransitioﬁ aensity

operator it 1s easy to see that in TDA

0+J _ A |
Prax = 13 Sap S X on (TDA) ‘ , , (B.5)
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In the random-phase approximation
(RPA), one assumes that there are particle-hole com-

ponents 1n the ground state as well and write

J +

J-M J
ph Aonam ~(-)

t -
Yo = Ql0> =1 (&
ph

A

and again linearize {(B.3). The normalization is now

J |2
= 1.
(yph)

The non-vanishing density matrlx elements are

0rJ A
Prpr = ag *pne

O+J Jp+jh+l

A
pph)\ -'(—)

$x3 Ypn-

From (B.7) and the Hermitian properties of the density

~operators (equations (37) and (39)) we have

0+A J A
p, (r) =1 §E (xppn + Vo) (®ley opllh)
ph
and

] |
0+) p A A

yph phd -M

(B.6)

(B.7a)

(B.7b)

(B.8a)

(B.8b)



- 82 -

One should pay attention to the different signs that
combine the x and y amplitudes in the charge and
current densities.

The particle-hole model is generally .
applied only to close-shell nuclei. For some medium
and heavy nuclei, which have superconducting ground
states, the low excited states can be described in

terms of two-quasi-particle excitationszu).

In
this model the quasi-particle creation (a;) and

annihilation (aa) operators are defined as



T o ra ) =y of (v 8,
a, ‘aa) u,c, (-) v Co (B.9)

and the angular-momentum-coupled two-quasi-particle

operator is defined as

At =

JM _t+ _t
abJM (A abJM

) CGB a, ag- (B.10)

mamb

)T o=

vy (ua) is the amplitude that the orbital"a"is occupied
(unoccupied) in the BCS ground state. In the quasi-
particle random—phase-approximat1on22) (QRPA) the exci-
tations are described as

IW3M> = Q}M|0> = % ) (1+5 )5(x A (-)J_MyJMA Yos. (B.11)

ab “TabJM ab abd-M
ab

The x and y amplitudes are obtained as usual by solving

(B.3), with the normalization

J 2
) ((x )5 -
a>b ’

(yab)g) = 1.

The density matrix in thls ‘case becomes

0+J _ ‘ A A -
Ppar = GAJ(1+6 ) (u % + v ubyab) (QRPA)

Similar to (B.8) one can reduce the sum over the pairs
(a,t) to that over the ordered pairs (a>b) by using the
symmetry prbpenties of the amplitudes and matrix elements

involved, and get



s i

O+r a ol T . AL LA

L o) =] < (1+6,,) (ug \b+vaub)(xabﬂab)(allp}‘,gp[!b) (B.13a)
axb

0+A. . v Ja . -k ) A Ay .

g ir) o= } ; (146,07 *(u v -v_u ) (xo yab)(a,lpu’gpub)- (B.14b)
axb

We rote tnat the pair (a=b) does not contribute to the
current.

The particle-hole RPA may be generallzed
30 that it becomes spplicable to open-shell nuclel with
ground states not necessarily of 0+. FPor detall the
reader is referred to the literature on the equation-of-

moticn methosz).
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B.2 TRANSITION DENSITY MATRIX I THE SHELL MODEL

In the shell modelze), the wavefunction

of an n-particle state 1s describted as a linear com-
bination of orthonormal n-partlicle basls wavefunctions

fa(n)s>

; o Jd .
1WJM(n)> =) xala(n)JM>. (B.15
a

J

The (real) amplitudes x, are obtained by diagonalizing

the Hamiltonian sub-matrix

Jd

Haa'

= <a(n)JM|H|a'(n)JIM>.

In the j-] coupling scheme, the transition density matrix is

J 4A-J -}
i+f i °f NP f b 24 ‘i 8 TT .
Paby =1 L *a, o, I & My WG S TpT M)
aa. apJp
x <af(n)Jf{lap(n—l)Jp,a><up(n—l)Jp,b|}ai(n)Ji> . (B.16)

The coefficlents of fractlonal parentage (cfp)<apJp;a|}aJ>

are defined in the expansian)

JM .
la)ne = ] Cyy y lap(n—l)JpMp>|y><mp(n-1)Jp,c]}a(n)J>. (B.17)

a J My PP
PPP
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The values and phases of cfp's depend on the way the many-
rarticle states are bullt up. In general they can be
expressed in terms of single-shell cfp's, 1.e. cfp's

for which all particles occupied the same orblt a:

<a(an)Jl}ap(an'l)Jp,a>.

7
Scome single-shell cfp's have been tabulated2 ’28).
For the particularly simple case when n=2,

the basis wavefunctions are

,1+6
ab IM ,
lab;JM> = ‘—'—2— Z CQB (](1)%8) - (l“sab)[8>'a>)
m, m

b a
and the cfp's are
1+8 J. 43, +J
<a,b|labl> = __Egg = (=) P p.altabds.

Writing a two-particle state as

, J
¥ u(2)> = ] & labsom
ab

with the normallzation

(B.

(B.

.18)

19)

20)



the density matrix becomes

J,J 3 4A4T_-]

1+f i f c f-b .

Pray = L /146, V148 a ~a (=) A3y W3, .00503) -
c

B.3 TRANSITION DENSITY MATRIX IN THE PROJECTED HARTREE-
FOCK APPROXIMATION

In the Hartree-Fock (HF) approximation

a variational method is used to minimize the expectation

value of the Hamiltonlan for a single Slater determinant,

x>

where N is the number of particles and {ui} are the set
of single-particle HF orbitals. They are related to the

set of basis orbital {a} by the linear transformation

- 2 _
Z Uom o’ I W, )" =1
a

In general §x> does not have a specific angular momentum,

but may be expanded in terms of normalized states with

good angular momentum,

x> = 1 ngppld (KOK>.
JK

21)

(B.21)

(B.22)
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If the initial state is tJi(Kixi)M1>, and the final state

S !Jf(Kfo)Mp>, then the transition density matrix is
1

A
oIt L n )'l.gilii ) CJfKf ‘g,dBQ 2" (@)
Y S U LN L KemuiXy
x ] c*% <x, Ic C R@)|X,>
B,

where R(Q) = R{a,B8,Y) is the rotation operator specified by

the Euler angles («,8,y), D{(Q) is the rotatlion matrix and

[k

F | v ol -1
XplC CgR{Q)|Xy> = } U (F)Bv(d )vu Vo

_ £* i
=) Ugp U (@),
s}

and

J
f a f
el (@ =16 D& (q) uf |,
" Jadp MMy Bu

where U 1s the transformation of (B.22). In (B.24b),

the summations of py and v are over occupled orbits (in

IXf> and |X1> respectively) oniy. 1In general, it is
rossible to replace the integral in (B.23) by a sum

over a certain set of Euler angles, to be determined

by the symmetry properties of |X1> and !Xf>10)'

(3.23)

(B.24a)

(B.2kb)

(B.24c)



If the initlal and flnal states are
described respectively in terms of llnear combination

of projected HF states,

|¥,> = jog,M> = ] xé]Ji(KUXO)Mi>
Qg

¥p> = Jo'TMe> = T x, [Ta(K X0 N>

1+f _ £f 1 o+o!
Ppar = I Xgt X5 Ppan
oo!

! 1
where pS;o is given by (B.23).

(B.

(B.

(B.

25a)

25b)
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APPENDIX C

This appendix provides the complete listing
of MICRODENS and the outputs for three sample calculations.
The conly comments that need be made on
the listing is that the "$" sign is a record separator,
and that the subroutines DATE (called at MICR®D.77) and
PLOT (called at LINPLAT.37 and SEMIL@G.31) are system
routines of the CDC-6600 computing system at CRNL. Users
at other computer installations may have to use the

re

7]

pective equivalients available locally.
In all three test cases the initial state |i>

is the vacuum (07) state, and the oscillator length is
taken to be 2.0F. Other specifications are given
preceding the output for each case.

In the form factor section of the output,
quantities listed under the headings F(CHARGE), FC.SQ,
F(SPIN), FS.SQ and FTOTAL.SQ are explained in table B.1,

where the notations

fgim(q) Egg Dgﬁm(r) jL(qr)rzdr‘, (C.1)
® 2

fJ(q) = g pJ(P) jJ(qr)r dr, (c.2)

0 X

e

and 4w (23 +1) 4
N = > - (C.3)
(20.+1)2
i
C,M,E

are used. The form factors Fy (qz) are those defined in (A.27).



TABLE C.1

Heading
TYPE OF SCAT. F(CHARGE ) ____Fc.sQ F(SPIN) FS.3Q FTOTAL.SQ
, 2 cr.2

COULOMB fj(q) NIf,yl Fj{a%)
MAGNETIC 30a) N £S5 12 ¥ t F(a®)

el c Yd+1 c
ELECTRIC(L=d-1) £ ; ,(a) = f3.0-1 t H

- c vI+l o YJ cc 2 E, 2
ELECTRIC(L=J41)  f ;..(a) N R 01 %73 3,041 * i Fala®)

- 16 -

+ Same as under F(CHARGE), but replace superscript c by m.

+ Same as under FC.SQ, but replace superseript c by m.
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LISTING OF MICRODENS

C.1
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WCOEF

THIS PO3IAM, WRITTEH 3Y R.Y,CUSSON AND J.H.SCHMIDT IN SEPT. 1971,
USES W3GE3 FORMULA (NUDVO CIMENTO,VOL11(1959),P116) TO EVALUAYE THE
RACAH JJISFTICIENT W{A34Cy0E4F)=(~1)%3 (A+8+CeD)*SIXJ(A,B,E/DyCyF) o

SINCT 9ANY PR_DGRAMS WHIZH USE RACAHA COEFFICENTS ALSO USE CLEBSCH -
GORQANS, CIMMON BLOCK CHRACAH HAS 3EEN SET UP SO TABLES OF LOGS AND
SQUART TI0TS 20 NOT HAVE TO BeE CALCULATED EACH TIME THE FUNCTIONS
AJE ZALLED, NOTE THAT ALOGF(0) IS SOMETINcS REQUIRED IN THE
CALCJLATTONS AKRD SO ALOGFOsALOGF{D)=Q.

CIMMIN 3LJ3x RACASYS IS INCLUDED TO ENSURE THAT ALL ITS ELEMENTS ARE
STORE) SrAJENTIALLY IN CORE. THIS IS IMPORTANT FOR EQUIVALENCING.

S 9 B B E 4 U S E R

COMMON 3L02K XRACAH IS USED IN CALCULATING X-COEFFICIENTS.

COMYIN/SIGRACAR/INITIAL,ALOGFO,ALOGF(A0) ,SQARF(30)
COMMON/RACASYS/ X1y X2y X3y Vi, VY25 Y33 Vu,yIX1, IX2,IX3,IV1,1Y2,1IV3,1VL
CIMAIN/XRACAR/ JOUT ,JXSHTCH
DIMENSTON RVYA(TI L IV(T)
EQJIVALINCE (RV,X1),(IV,IX1,VA) p(IX2,VB) s LIV1,VT)(1Y2,VD),
1 €IY3,¥I)yelYu,UF)
CATA [ NITIAL/O/,ALOGFG/0./,JXSHICH/0/
400 FOIMAT(®  JLLZGAL PARAMETERS IN WCOEF(%,6F5,1,%)%)
®  FNSUIS T447 ALJGF AND SQRF ARE SET UP ONLY ONCE IN EACH PROGRAN
IF (INITIAL NE. G) 50 TO 20
ALISE (1) =D,
SAFLLI=1. 3 SHu=t,
B2 25 J=2,+83
SHM=5wey,
SART LI = 53R TIEM)
25 ALISE (J1 =ALOGF (L-11vALOG(SH)

INITIAL = 4
20 SixJy=1, 3 IFAS=0 3 MCOEF=(.
% SEY U THE REGOGE SYMBO0L
Y= A4+3 ¥ ¥Y3=C+D b Y2z E+F
AI=Y4H4Y3 S X2=R+DeY2 3 X3=paC+y2
Yi=Yhsg 3 ¥2=Y3+E $ Y3=A+CtF S Yuz=B+0¢F

*  CHECC THAT THE REGGE SYHMBOL CONTAINS ONLY NON-NEGATIVE INTEGERS
00 1 Kei,7
J=A33(RV (K} )
IF (FLOAT(J) <NE. RV(K}) GO TO 998
1 IVi<r= 4
% CHECKX FOP TRIANGLE AND IN RANGE CONDITION .
69 T 201
ENT2Y FACOEF

IF PARAYETIRS ARE LEGAL THE VALUE OF WCOEF(A,3,C,0,E,F) IS RETURNED
WCOEF MUST BE CALLED FIRST TO INITIALISE /CGRACAH/
NOTE » IF “WCQEF IS CALLED, NO ARGUMENT CHECKING IS DONE
va=Af v3=8% vC=CS$S VD=D3 VE=EL VF=F
IN3= IVL+LYZ24IY3¢IY4-IX1-1IX2
201 IVO0= MAXOC(IYL,IY2,I¥3,IY«)
IX0= MINO(IX1,1IX2,IX3)

® CALLING SIJQUENCE 1S F=FHCOEF{IX1,;1%2,171,1Y2,]173,1Y4) HHERC
. I = A+B+C+D . 1Y2=C+0+E

» IL2 = A+D+ESF IY3=AC+F

. Iy = A+D+¢E IV =B+D+F

»

L

»

WCOEF

- MCOEF

WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
NCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOLF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCCEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
WCOEF
WCOEF
HGOEF
WCOEF
WG OEF
HCOEF
WCOEF
WCOEF
WCOEF
WCOEF

HCOEF .

WCOEF
WCOEF
WCOEF



*

&«

15

L

i3
339 IFAS=IFAS .AND. 1

»
L ]

~101 -

WCOEF (CONTINUED)

IF (IVG .GYe 78Y GO TO 938
X=IX0~17Q#1
IF (X ..T. 1.) GO TO 998
IFas=[x1
IF (Ixp LT« 0) GO TOD 939
THE ZXPRISSION (IY0 «AND. 1) SIMPLY
K=Iv7 +ANJD. &
NOTE DELS IS EVALUATED AS FOLLOKWS
DZ.C=(1)=123+((3})=(4))
WHERT (1)=5UH OF SMALLER LOGS
(2)=5SuUn OF SHMALLER LOGS

(3)=H0ST LIKELY TO B THE LARGEST LOG
{4)=35UN OF LARGE LOGS )

DELC= ((ALOGF(IX1-1Y1) ¢ALOGF(IX1-1IV2) +ALOGF{IX1~-1¥Y3) +ALOGF(IX1-1Y4)
1 CALOGFCIX2-IV1i#ALIGF (IN2=-1Y2) +ALOGF (IX2-1Y3) ¢+ALOGF(IX2=-1YL)
2 *ALIOGFUIX3I=-IY1)+ALSGF(IX3I~IY2)4ALOGFC(IX3-IYI)+ALOGF(IX3-1IYu))*,5}
3 ~ (ALOGF(IYO-IYL)+ALOGF(IYO0-1Y2) +ALOGF(IYO-1Y3)+ALOGF(IY0-1IYG)
b *ALOGF (IX1-XY0) +ALIGF (IX2~1Y0) +ALOGF(IX3~IY0)) + (ALOGF(IYO41)
S =y 5% (ALOGF (IY1#+1)+ALOGF(IY2+1) +ALOGF(IV3+1) +ALOGF (IY4+1)))

DELG= {1-K~-K) *EXP(DELZ)
INITIALISE THE SuM
S¥=1.
IF (X _Es 1.} GO TO 13
Z0=Ix0+¢3
K=Ix0#1 3 X1i=IXi-K 3 xegsIX2-K
K=<+ $ Yi=K-IY1L $ VY2=K~-]Y2
THE SUM I3 0QONE RECURSIVELY WITHOUT
NDTE 3ZCAUSE OF THE DEFINITION OF X;
SAME AS T4Z SUM FROM IYD TO IXO
AK=2,

CHECKS IF IY0 IS 00D OR EVEN

3 X3I=IX3I-K

$ Y3=K-I¥Y3 3§ Yu=K-IYh
ALOGF
THE SUM FROM 2 TO X IS THE

SMz §1,«3M*(Z0-XK)*(X1+XK) 2 (X2+XK) #{X3+XK)/

1 WYL= XO ¥ (r2=-XK)#(YI-XK) *{Y4~XK))
XK= XK +1 .
IF (XX .LE. X} GO TO 15

SIXJ IS T4E USUAL 6-J4 SYMBIL OF WIGNER .

SIXJ= DILC*SH
NCOET=SIXJ* (4~1IFAS-IFAS)

337 RSTJIN
JXSHICH DETERMINES WHETHER OR NOT ACOEF WAS CALLED BY XCOEF. IF IV

WASy ND EIROR MESSAGE IS PRINTED BY WCOEF

398 IF (JXSATCH +EQ. 0) 30 TO 996

J3JT=1 $ JXSHTCH=0
GO0 T2 237

336  PRINT 430,A,8,C,04E4F

G0 1) 2337
END

HWCOEF
WCOEF
HCOET
HCORF
WCOEF
WCOEF
WCOEF
HCOEF
HCOEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
HCOEF
HCOEF
WCOEF
WCOLF
WCOEF
WCOEF
HCOEF
HCGEF
WCOEF
WCOEF
WCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
WCOEF
HCOEF
WCOEF
WCOEF
WCOEF
RCOQEF
WCOEF
WCOEF
WCOEF
WCOEF
HCOEF
HCOEF
WCOEF
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SAMPLE OUTPUT OF MICRADENS

= e B - =

po Xy
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|£> = |(wlSl/2)(n0d5/2)_1;2+>; Coulomb transition

1:

Case No.

48 20,0300.0 =0.,0 =0.0 2040 =0,0 =0,0 <0.0 =0s0 2 2-0-0

«100

1 2,000

-

COULOMs

o

TEST CASE NOa.iy 24#,P(005/2)eP (151/2),B8=2,0(F)

0120303240

~—

B-CUBED IS PRINTED

M

T
c

TE

——
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b o
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Electric transition

+
2 >

3

-1
|[£> = !(wlsl/2>cn0d5/2)

2

Case No.

48 20.0300.0 0.0 =00 20.0 ~-0.0 -0,0 -0-0 0.0 2 2=-0-0

1 2.000 .i00

—t
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-~

TEST CASE N0.2; 2¢,P(005/2)0P (151/2)48=2.0(F)

0120303240
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: Magnetic transition

>

Case No. 3: |[f> = l(Opl/z)(Op3/2)'1; 1Y, r=1
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BORN APPROX MAGNETIC

TEST CASE NO.3, 1+#,T=1, (0P372)r(0P1/2), B=2.0(F)
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C.3 GSPECIAL_RELATIONS FOR CHECK{QG JHE RESULTS

There are some special properties of the
densities and form factors which are useful to know.
Using the "form factors" given in equations -(C.1,2)

(q) = Vi+l £ (g)). (C.4)

ila-3> = Vun (/7 X A4l

F
aLA-1

Here < > means the reduced matrix element befween the

initial and final states.

For the magnetization current

%?x°(§xa > <¢A§-($xﬁ)> z 0.

Therefore we have the first general relation

. ~ m _ m - . »
(1) VA fA,X—l VA+1 fk,k+1 = 03 ‘general. (C.5)
“ If the convection current is conserved we
have

where k is the wave-number of the energy transfer. This

leads to the second relation

(ii) /x £ sy - VML £

O

ifA; if J° conserved. (C.8)
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This relation must be used with discretion since in a
microscopic, many=body calculation J¢ is almost never
conserved. However in the single-particle model,
where the one-body potential is momentum-independent,
(ii) is satisfied. 1In the special case of harmonic

oscillator, the energy difference in the transition

Ib> + |a> is

ANNw

(2na+2a'- anhlb)ﬁw
and

AN+Hc/ (Md?)

X
i

where M is the nucleon mass and d is the oscillator

length parameter. For such cases

(iii) /% £S - /FT £€ - AN-Tic ¢¢

5
A, A-1 Aa+l T g A

harm. osc. s.p. transition

A special case for (iii) is when |a> and |b> are orbitals
in the same shell, in which case AN = 03 therefore the
LHS of (C.7) must vanish.

We recall (see section 2.8) that JC vanishes
in aa elastic transition. This can be extended to
transi-ions between two s.p. states split by a simple

. . + + * -
spin-orbit interaction (constant x L+o), since this

(C

.7)
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interaction does not affect the spatial wavefunctions.
The harmonic oscillator model provides such an

¢wxampie. Therefore we have

c , ..
(iv) o = i = 0 s.p. transition, n_=n g_=R

Eguetions (C.4,6,7) can be used to check the
results of MICRODENS. Equation (C.8) has been incorporated
intc the coding of the prcgram.

As was mentioned earlier, the form factors

in MICRODENS are calculated analytically rather than by

Bessel transforming the computed densities. 1In
particular the magnetic form factor is calculated using
(the first line of) (A.27c') which involves formulas
significantly different from those used in computing the
magnetic density. Therefore an additional consistency
check can be made by performing the integrations in

(C.1,2).

b’>"a b’

(C.8)
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