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Symmetry in Nature 

•  Symmetry has been considered as an 
aspect of beauty in mathematics, 
physics, chemistry, evolution, human 
appearance, and psychology 

•  The cause of symmetry is usually subtle*, 
and the pursue of it often leads to a 
deep understanding of the possessor of 
the symmetry 

•  *“Subtle is the Lord, but malicious He is not.” 
                                                                - Albert Einstein 



Symmetry in Genomes 

•  Symmetry: key to structure and 
dynamical principles 

• Chargaff’s parity rule (1951) 
– In DNA, A=T and C=G 
– Watson and Crick’s double helix (1953) 

• Chargaff’s second parity rule (1968) 
– A~T and C~G in SINGLE strand of DNA 

Question: Is CPR2 part of a general phenomenon?  
If so, what is it? What is the source of the symmetry? 
What can it tell us?   Kong. et al.  PLoS ONE (2009) 4, e7553  



• Conjugation (example) of     AAGTC 
–      Reverse:                                          CTGAA 

–        Complement:                                TTCAG 
–        Inverse (reverse-complement)    GACTT 

•  Symmetry - measure of balance of word 
frequencies of conjugate pairs 

Reverse, complement,  &  
Inverse symmetries 



If we represent the four nucleotides by 
two pairs of spins, red (C/G) and green 
(A/T) (for example,                is TCGAA),              

then inverse symmetry is exactly the 
same as (the Yang-Lee) parity in physics.  

Inverse symmetry and the  
(Yang-Lee) parity 



Reverse/complement/inverse images 

Reverse image 
(twice reflected) 

Inverse image 

If for every word (k-mer) there is a ρ-symmetry 
conjugate of that word somewhere else in a 
sequences, then we say the sequence has 
perfect ρ-symmetry 

We found genomes have neither 
reverse nor complement symmetry 
but have excellent inverse symmetry 

Complement image 

Pair of right 
angle mirrors 

Object（a 5-mer) 



Symmetry index χ 

χρ ~ 1, no ρ- symmetry; χρ= 0, perfect ρ-symmetry 

u:    a k-letter word; u+, its ρ-conjugate 
fu :   occurrence frequency of u in a sequence

Pρ:   all ρ-conjugate pairs 

σmu: the standard deviation of complete set (of 
words) to which u and u+ belong  

Index determined by 
relative, not absolute, 
frequency difference 



χ  vs. 
a 

L1-distance (S1) is not a good measure of symmetry  

Randomized 



χ  vs. 
a 

L1-distance (S1) is not a good measure of symmetry  

Randomized 



 fu vs. fu+ plots are good visuals, but 
can be misleading 

E. coli 

E. coli randomized 

All pairs  
Complement conj. pairs 
Reverse conj. Pairs 
Inverse conj. pairs 

All pairs on diagonal 



Reverse and complement symmetry 
absent in all genomes on all scales 

χl : χ of segment of length l 

segment length 



Global and local symmetry not the same 

Structure in segmental χinverse 

χbackground 

χglobal 

rχ =

χbackground 
(χglobal)-1 



No reverse/complement symmetry 
but strong global inverse symmetry 

Global χinverse scales with chromosome length 

Reverse &  
Complement:  
χ ~ 1 for  
all genomes  

Inverse:  
χ << 1 for  
all genomes  



•  50% eubacteria types A & B 
•  Archaea all types C & D 
•  Eukaryotes: multi-cells type D; all types B & C are 

unicells 

Classification by χinverse    



The χ-plot 

•  χ(a+a) ~ χ(c+c) ~1  
    no local IS 

•  χ(a+b)~1 
    no mutual IS if both  
    segments from same 
    half 

•  χ(a+c)~ 0.2 
    high mutual IS if  
    segments from  
    different half  

•  Inference:  
  ‐ No local IS  
     anywhere  
  ‐ Fore and aL of  
    chromosome have 
    high mutual IS 

χ(a+b) 

χ(a+a) 

χ(c+c) 

5’  3’ 
a  c 

100 kb segment 
b 

5’
 

3’
 

a 
c 

b 

χ(a+c) 

ter (terminal of replication) 



Four types of chromosomes have 
characteristic χ-plots 

      Type A: No 
local IS, 
bisected by 
ter/ori sites 
into two 
mutual high 
IS halves   

Type B: like 
type A, but 
higher local IS 
background 

Type D: 
Homo-
geneous 
high local & 
mutual IS 

Type C: 
Hybrid of 
Band D 



IS type 
correlated 

with 
taxonomy 

Phylum 
Firmicutes: all 
are type A 

A 
B 
C 
D 



P-values for distributions of aaaaaaaaa  



Inverse segmental duplication  
(ISD) generates IS 

Absence of similar mechanism for generating reverse/ 
complement symmetries may explain their absence 

5’ 
3’ 

3’ 
5’ 

..AAGTC.. 

..TTCAG.. 

..GACTT.. 

..CTGAA.. 

Inverse conjugates 

× 
× 5’ 

3’ 
3’ 
5’ 

..AAGTC.. 

..TTCAG.. 

Copy, invert & insert 



Types of segmental duplications 

5’  3’ 
3’  5’ 

Segmental duplica(on 
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Proximal and distal ISDs generate 
different effects 

3’ 
5’  3’ 

5’ 

Proximal ISD enhance local symmetry 
and global symmetry  

5’ 
3’ 

3’ 
5’ 

Distal ISD enhance global symmetry 
but not local symmetry  



Inferences from χ-plots on 
chromosome evolution 

•  WISD 
•  Few dist-SDs 
•  Low to medium level of proximal SDs 

•  WISD 
•  Some dist-SDs (or chrom. Re-arrangements) 
•  Various level of prox-ISDs 

•  With or w/o WISD 
•  Unconstrained SDs  
•  Saturating amount of prox-ISDs 

•  Whole-chromosome ISD (WISD)  
•  Few dist-SDs (but possibly many prox-SDs) 
•  Very few prox-ISDs 



Mosaic of prokaryotic χ-plots invites  
“χ-archeology” 



k-mer skews 

From universality 

A-T scew 
G-C scew 

Scew in 4-mer 
inverse-conjugates 

Scew in 4-mer  
complement-conjugates 

Type D Type C Type B Type A 



BLASTing genes on (+ vs +), (- vs -),  
and (+ vs -) strands  

(+ vs +)  
Genes  
in 5’ end  

(- vs -) 
Genes  
in 5’ end  

(+ vs -)  

Genes in 5’ end 
on (+) strand 
highly similar to 
genes in 5’ end 
on (-) strand  

Type A, NC_003030 

Type D, NC_000911 

(+ vs +), (- vs -) & 
(+ vs -) all show 
genes uniformly 
distributed over 
entire genome.  

Kong. et al.  PLoS ONE (2009) 4, e7553  



Belong to the same m-set 

(                ) (             )-1 
ρ


The mean field value of χρ is, by definition 

Mean-field approximation 



•  In mean-field approximation, fraction of a 
sequence that causes it to manifest inverse-
inverse symmetry is  

             2 δvinv ~ (1-2v0)(1-<χinv >)  
   (1-2v0) is the fraction of unrelated k-mers that 

are paired-up. With <χinv >~ 0.073+/- 0.066  
                     2δvinv ~ 0.25+/- 0.15 

   That is, about one quarter of chromosomes is 
composed of ISD generated segments.  

Mean-field interpretation of χinv 



Genome growth model based on 
random segmental duplication 

Fraction of inverse 
duplication 
~ 2δvinv ~ 0.34+/ ‐ 0.05  

Minimal genome growth model 

Hsieh et al. PRL (2003) 018101-104. 
Chen et al. PRL (2005) 178103-106. 
Kong et al. PRE (2009) 061911 (1-11).   

Band fits universality 
class of equivalent 
length 



• All chromosome have strong global IS 

•  Local and global reverse symmetry 
(RS)and complement symmetry (CS) are 
absent in genomes 

• Chargaff’s second parity rule is a 
reduction of global IS, not of CS 

•  (Large scale) IS is likely generate by ISD 

•  There is no comparable mechanism that 
can generate RS or CS 

Summary I 



•  IS of chromosomes have types  
– Type A: No local IS; whole genome inverse 

duplication (WGID)  
– Type D: Only local IS; saturating amount of prox-ISDs 

•  Skews in single base AND k-mers conjugates 
can be quantitatively accounted for in terms 
of IS  

•  Origin & terminal sites play prominent roles in IS

•  Model of genome growth based on SD and ISD 

can explain genomic patterns IS 

Summary II 



•  IS-type classification has clear correlation 
with taxonomy, and suggests an ancient 
origin of WGID.  Attempt to determining time 
of occurrence under way.  

•  Not sure why global IS is so strong.  Does 
promote equal utilization of both strands, 
but A and D types represent different 
strategies    

Issues remaining 



End of Lecture Three 
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